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Notations:

Z stands for the set of all integers,

R for the real numbers,
N,:=(nez, n>0],
W, :=(nez, n>1),
XAy := min(x,y],

xV y := max{x,y},

(x), := max{0,x],

(x)_ := min{0,x},

[x] :=min{i ¢ Z|i > x],

x| :=max{i e z|i <x),

Xy .o x(=1)-... - (x-n+l1)
(n) : n!

For the values of a function Vv: W

and \)i.

x -
for all ne Nl’ (0) =1

0

ii

(:) = 0 for all z ¢ N

+ R we use both notations V(i)




Tables of Significance Points for the Variance-Weighted
Kolmogorov-Smirnov Statistics
By

Heinrich Niederhausen

1. Introduction.

Let Xl,...,XM be i.i.d. random variables with continuous distri-

bution function F and empirical distribution function

1 M
B =¥ 1 Y@

The goodness-of-~fit statistic

F,(x)-F(x)
o = X

v sup
81 2F®) 28, fetx) (1-F(x))

has been shown to be asymptotically minimax (with respect to a certain
loss function) by A.A. Borokov and N.M. Sycheva (1968). They also give
some exact significance points and the asymptotic distribution of

M w;. Beside w;, we consider the following related statistics:

|Bg(x)-F(x) |
W, = sup

"o, <Fm <o, FEAFE)

~y Fx(x)-F(x)
WM - sup
By SFy(x) <8, vF(x)(I~F(x))

w



2

[Py () -F(x0) |
WM = sup
8, S Fy(x) <8, YF(x) (1-F(x))

+ |y (x)~Fy ()|
WM N sup
T8 SFu(x) <8, YRy (x)(1-Fy(x))

By ) -Fy () |

W = sup
6, <Fy(x) <8, VFy(x)(1-Fy(x))

Fx (x) -FY (x)

T+
WM N sup
’ —
Glin(x) _<_62 /i"v(x) a Fv(x))
- IFX(x) -Fy (%) |
wM N sup
’ -—
6, <Fy(x) <8, /Fv(x) (1-Fy (x))
where Yl""’YN is a second independent sample with the same distribu-
tion function, and Vl,.. "VM+N is the combined sample. We call all

these statistics variance-weighted Kolmogorov-Smirnov tests. In [10],
we derived some methods to compute the exact distribution of such tests.

Using those methods, we computed tables for the significance points of

+ ~+ ~ +
1 M, M Wy ™ Wy M Wy YMN7 (M+N) LV YMN7 (M) L

MN7 (MHN) v;; y and MNT OHN) \}M N

Let Z be any of the eight statistics in (1). Let

P(z) = P(Z < z) .




M —— - - 4,«---.*

For each o = .9, .95 and .99 we try to find z, such that P(za) = Q.
But the variance-~weighted Kolmogorov-Smirnov distributions are discontinuous,

even in the one-sample case. Therefore, we give P(Ea) and z, in the

tables, where P(z s smaller than o. ter each z , a s e
bl h (—a) i 11 ha Af h z, ingl

digit D 1is printed. If the last digit of z, is increased by D, a
;Q is obtained, such that P(;;) > 0. P(;&) is also listed. All numbers
are rounded in the last digit.

In all the tables we chose Bl = 1—62 =0 for 6 =0, 0.01, 0.05,

~+ -~ ~+ ~
0.1 and 0.25. 1In WM’ WM, wM,N and wM,N we have to take the supremum

over © f_Fx(x) < 1-9. Thus, we have to replace 6 by d/M, where the
integer d 1is chosen such that d/M comes close to 6 (see (3.2)).

+
Analogously, replace 8 by 4/(MHN) in WM,N and wM,N'

In the two sample case, all tables are given for

M=2,3,4,...,10 ; N=2,3,4,...,M
M = 15,20,25,...,50; N = M,M-1,M-2,...,M~5
M= 100,500 ; N=M .
® If for small M the table for a certain 6 does not differ from the
preceding table (with smaller 8), then this part of the table is omitted.

In the one sample, the eame values of M are used, but the sample

length M = 500 is omitted. The computer proved to be too slow for this

case (and the desired accuracy).




For large sample sizes, a significance value 2 of a two sided

1-y

+
statistic can be approximated by zl-Y/2 of the corresponding one sided
statistic. The larger the 6, the better the approximation. Despite
"bad" asymptotic behavior, this approximation is practically satisfying

even for 6 = 0. For this case, the computer drawing on the next page

shows z 4 and ZTQS for M= 2,...,80, where
POMW, <z o % .9 and POMW, <z 0. - % .95 .
M—=".978=0" M= “.9576=0

We demonstrate on page 6 what happens if z+ (which is much faster to

.95

compute) is used as an approximation for z

)

9 We plotted M against

P(M WM-S z for M= 2,...,100. To illustrate the effect of a

+
.95°6=0

larger 6, we plotted also P(VM WM_g 2.95)e=1 .

The jumps come from

the approximation of 6 by d4/M.

We repeat that part of [10], which is necessary to understand the
algorithms. Chapter 3 gives an overview over the significance points by
small tables. The large tables are computed in the same way.

All computations are done on a pdp 11 computer, using 16 signifi-
cant digits. The reader can compare the tables for VM W; with table 1
and 2 of A.A. Borokov and N.M. Sycheva (1968). With the expection of omne
printing error, their numbers differ at most by 1 in the last given digit.

The case 6 = 0 for /M WM has been considered by M. Noé (1972). His

method of computation is close to ours for all two-sided one sample

statistics in (1), except for special cases, see 3.
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1. One sample tests.

1.1. Sheffer polynomials for D.

Let p and v be monotone non-decreasing functions from mo into R,

satisfying 0 < L2 < Hy and v, < My 1 VielN The following functions

i 1°
define a p-Sheffer sequence (see (A.12)) for the derivative operator D:

p(x) »d-% p(x)

1 if x<0
fo(x) :=
O else ,
and
xau(@-1) fu A u(n-2) , au(0)
f, ev e 1d.u1...dun ifxs;),n
£ (x) 1= v.n) v(n-1) v(1)
n
C else

7 : =
for all n eI, . Obviously, fn(vn) So,n’ hence, (fn) has roots
in v (see(A.ll&)).

Denote by U(i) the 1-th order statistic of a size M random sample

from U(0,1). If uM_lf_l, then

(1.1) fy(kyy) = Plyy < Uy Sy Vi o= 1,...,M)/M

fM(uM) .




: 1.2. Recursions.

For this section we assume UM = 1 without loss of generality.
"i With qn—k(x) - xn—k/(n-k)! in (A.13), the algorittm A.1 was found
‘ by M. Noe (1972). Given that My is constant for k = 0,...,K, say,
it may be possible to use an explicit formula for fi(uK) (i=0,...,K).
The same is true for the values Py in the following application of
(A.16): Define Py = 1 and

i-1
. i 1-k-1, _ (i-k
(1.2) P, Zo QD WV Py
n% Then

j < i = R = .
P(\)i < U(i) My for all i = 1,...,M) Py
Alternatively, we get from corollary A.2:

1-j+1
+

)

i
Py = det((j_l)(uj_l—vi) i,j=1,...,M °

V.A. Epanechnikov (1968) found recursion (1.2) and G.P. Steck (1971)
independently derived this determinant and many applications. See also

E.J.G. Pitman (1972) for another proof.

Remark: Depending on the accuracy of the computer, (1.2) should be used

only for small M because of the alternating summation. In algorithm A.l

the summation does not alternate, but compared with (1.2) the amount of




computations is approximately squared! In the computation of signifi-
cance points it often occurs that vM < uo. The same is true, of course,
in both one sided cases. Theorem A.2 (with i := 0) yields for any real

function 0 on N_.:

0
(1.3) - 3lt, (0.) - jfl Gy, u )%, for all y=1,....u
. pj 't5,0'% W 9y uk Py or all j seoesM .
k=0
From v, < U. we see that ¢t equals for § = 0,...,M the Sheffer
M—"0 3,0

sequence for D with roots in v. Given that o for all

>
3=V
j=1,...,M, the sumation in (1.3) is non-alternating. But how to
compute tj 0(Oj)? In the simple case Vv = 0 (one sided tests) we get

3teg oo = 0*31,. With o Steck's formula (1971, (2.3)) is

377
obtained. See the previous section for other closed forms. We suggest

the following procedure for general v (with \)M < uo):
Choose ¢ =1, Thus, for all j = 1,...,M,
jle, (1) = P(v, < U, . for all £ =1,...,9)=41£3) (1)
*t§,0 i— "(4) ’ ’ i ’

if (f‘(lj)) is the n(j)-Sheffer sequence for D with roots in 0, where
uij) = 1-v(j~1i) for all i = 0,...,j. Hence, (1.3) can be applied to

compute t, (1) (we choose again o =1):

31,0

i-1
p(()i) = 1 and p?) =1- ) (i)v(j-k)i"kps) for all 1=1,...,§ .

k=0
Thus, j!tj 0(1) = p:fj) for all j =1,...,M. Finally, enter again

(1.3) and compute p, from Py = 1 and

31 -
- P;fj) i k.z.o Qo ey for all g = 1.

P
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1.3. Réuyi type distributions.

In applications, the test distributions seldom occur in the form
of (1.1). But if our method is applicable at all, they are easily trans-

formed so that one of the following two lemmas can be used:

lemma 1.1: Let f and g be monotone non-decreasing functions from

[{0,1] 1into itself such that f ¢ g and
£(0) <a/M<b/M<g(l) =1

for two fixed integers a and b. Then

P(f(FU(x)) < x < g(Fy(x)) va/M < F (x) < b/M)

=P(\)1<U <u Vi=1,...,M)

— (1) i-1
if
0 for all i =0,...,a-1
vi - £(i/M) for all 1 = a,...,b
f(b/M) for all 1 > b,
and

+h

g(a/M) or all i=0,...,a-1
u, =<& g(i/M) for all i =a,...,b
1 for all 1> Db .

The proof is obvious. The situation in the following lemma is much more

complicated.




Lemma 1.2: Replace a/M and b/M in lemma 1.1 by any real o and B
such that 0 <a < B <1, Then, under the same assumptions about

f and g,

P(f(FU(x)) <x< g(FU(x)) Va < x < B)

= P(\)i 5.u(1) 5-“1-1 for all i = 1,...,M)
if
0 for all 1= 0,...,0
v, = f(i/M) for all i = o.f+1,...,Bf
B for all i > Bf
and

0 for all 1

[ 0,...,ug-1

= . A i = -

uy 2(i/¥) for all i ag,...,Bg 1
1 for all i

[v
w
o

where

a, = max{k < M{£(k/M) < a}, By = max{k < M| £(k/M) < B}

o, = min{k > 0fg(i/i) > a}, B, = min{k > 0lg(x/M) > B}.

)

Proof. Denote by [0,1] the set of all monotone non-decreasing

ordered vectors u€[0,1]M:

u= (u uM) such that © 5-“1 < e 5_uM <1.

[ERERE

Define the subset A of [0,1](M) by

11




A = {£(1/M) < x holds for all i = 0,...,M and xe[ui,u nla,Bl}

i+l

[ty

(u0 = 0, Uy = 1). Then

A= {f(i/M) £ x holds for all 1 = a_+1,...,M and xe[ui,u nle,811

£ i+l

J {£(i/M) < uy holds for all 1 = a.f+1,...,M such that u, < B}

i

{u8f+1 > B, and f(1i/M) Sui holds for all 1==(!f+1,...,8f such that u, < 8}

{uBf+1 > B, and £(i/M) < u, holds for all 1=af+l,...,8f} .

A 7 . P AT SN e S PR i Eir 1

By interchanging the roles of f and g it follows analogously that

\ B := {x < g(4/M) holds for all i=0,...,M and xe[ui,ui_'_l)n[a,B}}

= {ua <a, and u

< g((i-1)/M) for all i= a +1,...,8 }.
g = g g

i

s P(ANB) = P(£(F;(x)) <x < g(Fy(x)) Vo < x < B) finishes the proof.

Remark: If \’i+l <‘ui for all i=0,...,M-1 in the lemmas above, look

for the best applicable method in 1.2, The probability is zero

otherwise.

12
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2. Two sample tests.

2.1. Sheffer polynomials for V.

Denote by T(i,i) the set of all vectors T consisting of exactly

i ones and 3} zeros. For each T = (T]_"“’T1+j
L

T e T o =
of T by TO := 0 and '1‘2 : Zk=l '1'k for all 2 =1,...,1iH.

The set J(i,j) 1is closely related to empirical distribution functions:

e T(1,3) define the

]
path T).c

Let Xl""’xM’ Yl,...,Y be M+N continuous and i.i.d. random variables.

N

Denote the monotone non-decreasing ordered combined sample by V A

17 Nt

Define a.e.

1 if VR,=X1 for some 1, 1 <i<M
(2.1) T, =

9 if VR,:Yj for some j, 1< j<N.

[ 4 = -~ ' =
Then Tg MFX(VL) and 2 Tl NFY(VQ'). let B and VvV be integer

valued function on 1\’0 , =-1= \)0 < uo and

(2.2) \)i_l—l i\)i < “1-1 < ui for all ie N

1 .

Then £.(3) = #¥3(4,3]v(T)) < &-Tj < u(T}) for all 2 = 0,...,14j), if
(fn) is the p-Sheffer sequence (with variables in Z) for the back-

wards difference operator V (see (A.6)) with roots in Vv . Hence,

'y < g-T! ' 2 =0 N) = (Mm)-lf ()
(2.3) P(\’(Tz) < &-Tp < “(Tz) for all £ = 0,...,M+ M M .

13
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2.2. Recursions.

We assume U(M) = N throughout this section. From the definition

of a y-Sheffer sequence (fn) for V with roots in Vv we get the following
two-dimensional recursion

fi(j—1)+fi-1(j> for all v, <3 <y
2.4) £,Q0) =

0 else ,

with initial values fo(j) =1 for all j < uo, and fi(vi) = 0 for
all ie Nl. On a computer with unlimited integer precision, this
algorithm may be slow but absolutely accurate!

The one-dimensional recursion (A.16) is left to the reader. From

corollary A.2 one gets the determinantal solution

P(V(Ti) < Q-Ti f_u(Ti) for all 2 = 0,...,MHN)

_ (u, .=v))
M, 1 j-1 1+

= ( N ) = det

1-§+1
3 1,§=1,...,n .

This determinant has been found independently by G. Kreweras (1965) and
G.P. Steck (1969). See also S.G. Mohanty (1971) and E.J.G. Pitman (1972)
for other proofs.

A close look on vV and Uy may save some recursion steps. If

v(M) < u(0) the outside method allows non-alternating summation as

described in 1.2.




2.3. Renyi type distributions.

Lemma 2.1. Define f, g, aand b as in lemma 1.1. Then

P(f(Fx(x)) < Fv(x) < 8(Fy(x)) for

_ '
P(V(T;L) < 2 TI'L < u(Tg‘) for

if
-1 for
v, = 4 [0 £(/M)]-1-1 for
vb for

and
{ “a for

3

= \ \{ i ’2\ -1

ui ] (MR g(1/M) -1 for
( N for

The proof is obvious from 2.1 .

Lemma 2.2. Define £, g, aand b a

88 as in lemma 1.2 with a := a/(MN

P(£(Fy(x)) < Fu(x) < g(Fy(x)) for

= P(v(Ti) < R g_u(Ti) for
if
-1 for
v, = [N £(1/M) | -1-1 for
b-B -1 for

15

all a/M < Fy(x) < b/M)

all &= 0,...,MN),

all i =0,...,a-1
all 1 = a,...,b
all1>b,

all £ =20,...,a-1
all 1= a,...,b

all 1>b.

s in lemma 1.1, and af, Bf, ag

) and B := b/(MN). Then

all a/(M+N) < Fy(x) < b/ (M+N))

all & = 0,...,MH) ,

all i = 0,...,0.f

all i = o, +1,...,8

£
all 1 > Bf R

f

and




a-a for all 1 = 0,...,00 -1
g -4
uy = { Los0ga/mf-1 for all 1 =a,,...,8-1
N for all 1 > 8.

The proof follows

fore omitted.

g

the same pattern as the proof of lemma 1.2 and is there~

Remark: It may happen that Vv or U in lemma 2.1 or 2.2 violates the

monotonicity conditions (2.2). In this case define the "monotone hulls"”

-~

v and u by

V. o= -
(2.5) 0

Vi
and

I = N
2.6) g

My

LE Vi < ¥y

method in 2.2.

= min{ui,ﬁi+l} for all i = 0,...,M-1 .

1

= max{vi,vi_ } foralli=1,...,M,

1

for all 1 = 0,...,M-1, look for the best applicable

The probability is zero otherwise.

16




3. The variance-weighted Kolmogorv-Smirnov tests.

We defined WM in the introduction. Let

e 21+s+[s244s1(1-1)12
a (1) = 2(i+s)

and

+

C(y) = My +lsy-y)1Y/2 |

We get from lemma 1.2

1/2

P(W, < s 0) = MIE(D)

if (fn) is the y-Sheffer sequence for D with roots in v, where

(3.1) v, = B (/M) for all 1 = [c7(8))] AmL, ..., [c"(6,)]| AN,
and
(3.2) M, = W (/M) for all 1 = [0 ,s- . -a e (0,571 .

The following short tables of the Percentage points of M;lzwu

computed by algoritym A.1 and by the outside method (1.3) if applicable.

are

We chose always 6, = 0 = 1—62 for 6 =0, .01, .05, .1 and .25. Let

P(z) = Pt/ % < o) .

17
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We consider the significance probabilities a = 1—P(za) for

a= .1, .05and .0l. Because of discontinuities, these levels can
not always be attained. If the absolute difference between o and
1—P(za) is less than .000005 this small discontinuity is not noted in

the tables, and 2z, 1is rounded to 4 digits after the decimal point. If

-000005 < |a~1+P(z )| < .005 ,

and o 1is greater(smaller) than l—P(za), then five digits are given
and a bar is placed under (over) the last digit. This last digit is not
rounded. Decreasing (increasing) it by one yields a probability greater
(smaller) than o. Two bars indicate an absolute difference between
.005 and .0l13. The asymptotic values of A.A. Borokov and N.M. Sycheva
{1968, Theorem 3A) are given in the last row of table 2-5.

Table 1 is a confirmation of M. Noé's (1972) computations. In table
2 and 3 the results of P.L. Canner's (1975) simulation study are given in
parentheses. 1In table 4 and 5 the rows marked by F contain the percen-
tage points of MllzwM as the tables before. The rows marked by Fx
refer to the correspondent statistic where the supremum is taken over
a/M f_Fx(x).i 1-d/M. The integer d is chosen such that d/M is

closest to the desired 8:

Mo 1f me-|M8| < .5
(3.3) d=
ﬁﬁﬂ else .

The Fx—row in table 4 equals for M = 10 the F-row and is therefore

omitted.

18
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M| o=l | 0=.05/ @=.01 | | M 0=.1 | =05 | a= 01| M| a=.1 | 0=.05| a=.01
! L. ——
i | -
| 10|L.6146(6.4257 114.1863( | 10/3.2900{3.9829 (6.03855| : 10|2.9218|3.4216(4.1705
i (3.33) |(5.70) ) ' (3.33)) (4.00)
201k4.642316.4398!14.1908] | 20{3.3962|k4.04513 |L.909) 20 |2.909% ) 3.18%1 | 4 .10391
- (3.76) [77) |} (3-07)] (5.80) ;
50|L.6631]6.4488114.1929| | 50|3.202913.5553k 145353 i | 50|2.8616]3.1525] 3.8269 |
(3.69)” [ (k.L0) _ (3.15)] (3.80) !
100{4.6719{6.4519 114.1931| 1100!3.0640{3.4379 [L.1899 | 100 2.8384|3.1417|35.7419 :
°°|5-05 5.30 3.79 oo |2.89 |3.15 |3.67

Table 1: 6 = 0.

Table 2: 6§ = ,01

Table 3: 6 = .05

: T d
M, @=.1 | 0=.05 0=.01 M? a=.1 o:.054T a=.01
10.F 2.7148!3.1336 3.8203 10'F 2.h385{2.63ho 3.2863
; ‘ iFX 5-27h7§5-9777 6.071k
20{F 2.71302.9830 3.72677! | 20{F 2.4694!2.7236 |{3.2852
!FX 3.3938:4.0798 6.1725 - Fy 2.7419°3.1507 i4.0971
§ t . '
50! F 2.72843.0071 3.6284 . | SOIF  2.4890!2.7760913.341k
Fy 2.9641:3.3533 4.2777 50(F, 2.6223:2.9530 ;3.6498
100/F 2.736213.0120 3.5060 | [100/F 2.5159 2.7929 |3.3568
Fy 2.8562%5.1803 5.8839 ! Fy 2.5657 2.8727 :3.4969
el 2.78 13.05 5.5 | [® 2.55 '2.83  I5.10
Table 4: 6 = .1 Table 5: 6 = .25

19
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We denote by W the two sample version of W :
M,N M

| Fy (x)-F (x)
W e= sup X b l

M <R (0 <0, [F () (1-F ()]t

/2

(61 = a/(M+N) and 8, = b/ (M+N); a and b integer) .

Now we get from lemma 2.2

N 1/2, _ g MHN
PGaw wm,x s = £, 0/CD

if (fn) is the |i-Sheffer sequence for V with roots in G, where
ST , o +
v, = TGs0R @M1 and wgo= [T/ |1,

with 1 in the scme range as in (3.1) and (3.2). (See (2. 5) and (2.6)

for v and §i.) The following tables of percentage points for Clgl)llz

WY "M,N
are computed using only algorithm (2.4 ). Discontinuities occur at almost
each entry. The bars are set following the same rules as above, but only
four digits are given. The table for 6 = 0 equals the table for
§ = ,01 and is therefore omitted. The numbers in parentheses are taken
from P.L., Canner's (1975) simulation study (computed for 8 = 0). For
@ = .05, the rows M = N = 10, 20 and 50 are equal to those in table 6,
and are omitted., Instead, we demonstrate the effect of slightly different,
but large sample sizes. Again, the rows are marked by Fy» if the supremum

is taken over all a'/M < Fy(x) < b"/M. In table 8 and 9 the rows are

omitted which do not differ from table 6. The asymptotic values of table

2-5 may be used for comparison.




N T P TP Ty

Rt

P — T

T T T T T T T R TR R oY i i s st con i YTt
MN| a=.1 | @=.05 ] a=.01] M[N] a1 ! am05] am0n
— ~—l L e —
10 |2.3441 | 2.6832 3.1462 100|100| Fy, 2.7795 3.0089 ; 3.5022
] _(2.11) (3:17) Fy, 2.7369 - 2 9820 ' 3.472b
20 {2.5813 | 2.7603 | 3.227% 100{ 99(F, 2.7T47 35.0157 | 5.5051
(2.70) 1 (3.18) | [y 2752k _g.1893 '75.h78i
50 [2.7007 | 2.9488 | 3.4299 100| 98|F, 2.7607 3 0146 | 3.5112
| (2.93) | (3.4) | |Fg 2870 2.9922 | 3.4686
1100 |2.791k | 3.0249 | 3.5022 100| 95|F, 2.7669 3.0239 | 3.5057
(3.02) | (3.57) R 2.7426 | 2.9959 | 3.4863
500 [2.9441 | 3.16863 | 3.6694 500500 |k, 2.8423 l 3.0990 | 3.6136
Table 6: 6 = .01 Table 7: 6 = .05
M=N{ a=.1 ! a=.05% o=.01 T;zN a=.1 a=.051 o=.01
il E 2012.3631 | 2.6520 3.i879
 50|2.6667 . 2.8968 | 3.4293 | | s0l2.4723] 2.7357 | 3 2963
100|2.7003 | 2.9711 l5. 4720 : 100(2.4829 | 2.7580 | 3.3131
500 |2.7415 | 3.0139 | 3.5468 | 50012, 5227 | 2.8028 | 3.3623
Table 8: 6 = .1 Table 9: 8 = .25
For applications see K.A. Doksum and G.L. Sievers (1976): "Plotting
with confidence: Graphical comparisons of two populations.™
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4 oo 25 -
e=0/.00/.05/ .1 (M+N YN 25 - 500; 5- 30

MNPz ) p(i.g) zg D 9(5.95) P(§_95) tgs D 9(3.99) P(§.99) Zgg D

6 = 0 (continued)

25 2% .8%31 .9181 2.357018 +P467 49564 2.6111640 +?2B879 9902 X,111263 ¢
25 24 9000 ,9027 2.3380%Y8 +94B1 ,9505 2.576814 +98%96 9902 3,072826 9
25 23 .8980 .9004 2.301713 .24B7 ,?501 2.588380 ' 9899 9904 3,1086%90 9
25 22 .89BY 9020 2,271233 « 9493 ,9518 2,558434 +PB?Y L9905 3,095995 @
25 21 .8931 ,9002 2.3110364 22499 9513 2.,400714 +98%94 9903 3,065762 9
25 20 .8913 .9052 2.342606 +2465 ,9507 2.57517% L2894 9900 3,085770 9
30 30 .B741 .90B8 2,335491 9497 9517 2.5B7737 19900 9908 3.151443 9
30 29 .8989 .9014 2,375915 +P493 9538 2,62B604 +PR96 9900 3,130741 9
30 28 .8v89 .9032 2.391197 +24B6 2509 2.652709 +9900 .,?9.18 3.153222 ?
30 27 .B9%1 9030 2.373%14 92488 .9504 2.610013 17899 92903 3,123151 9
30 26 .898BY 2005 2,353645 7497 L9509 2,62B962 9897 ,9903 3.150536 9
30 285 6900 .P035 2.314660 2487 L9526 2,05B5344 +PB94 9904 3,127595 9
315 35 BYTR L,G0023 2,390457 .7488 L9508 2,645749 +2899 L9905 3.174B96 9
25 34 .8954 9053 2,3505660 +P4%6 9505 2.617124 9899 9202 3.16%548B4 ¢
35 33 .8914 .2004 2.392462 9489 9506 2.65B2%5 +PB98 9904 Z,154320 9
35 32 .8%71 9032 2,397%30 «?497 9510 2.662829 L9897 J990% X,1852208 @
35 31 8999 9064 2.4177B% +24%4 ,9508 2.,669152 (9900 L9903 3,1B1093 9
35 30 .B8YR4 ,P054 2,3B03064 «7494 ,9508 2,60%010 «PBPY LPR02 X,142135

40 40 .B977 .9001 2,387041
40 39 ,899S L9006 2,400446
40 3B .RYY6 LP030 2.399845
40 37 .8950 .90 2.404320
40 R4 LBY9RO L9043 2,4212333
40 A% L8988 92010 2,405030
45 45 L89P8 ,9020 2,452760
4% 44 ,89%94 .92001 2,439492
45 43 8995 ,92004 2.4028B33
4% 42 RB990 .P00Y% 2.409033
45 41 L8995 ,P006 2.421B32
45 40 .8998 ,Y07Y 2.444498
50 S0 .B8948 .9008 2.445%97
50 49 .8¥%3 ,9001 2.451808
S0 48 LB9¥H 9013 2.437671
50 47 .8991 ,9009 2.4374650
S50 46 JBYYT 9046 2.4255106

«R4BY? L9500 2.69679%
«F495  ,9514 2,664323
9492 L9507 2.6713v4
12498 L9510 2.656782
LR495 ,9502 2,657180
2494 9504 2,6B0548
9491 L9517 2,698643
LR492 L9501 2,692481
7498 ,9504 2.6B5186
L2499 92505 2.672514
L0466 L9507 2,.660681
L2494 ,9531 2,694926
+2488 9502 2,700650 BP9 L9902 Z,2232848
LP493 9519 2.716968 «R900 L9901 R.D227428
Y496 L9501 2,694433 9 ,9900 9902 3.223328
Q497 L9503 2,685562 9 9898 9900 3,210537
L9499 L9504 2,69373I9 9 L,989Y VWOOE 3.24317%
50 4% JRY2Q ,9010 2.4214603 L9490 L9501 2,684828 9 9900 .9902 X,.2046.4
100 100 ROOR .9014 2,837 007 LR491 L PN2] 2.7014446 O ,9RPO 9900 3, R12RA1 5
500 500 BOBL LP003  2.4Y15L6 5 .9500 L9500 2.94630%1 5 ,989% .50t 3.474396 U
g = .01 (see 6 = O for smaller values of M)
500 500 JB99R ,9010 2.690RS7 5 92500 9500 2.249066 5 ,989¢ 9901 $,474400 L

6 = .05 (see 6 = O for smaller values of M) ons
100 100 .89Y/ 9002 2.4B300H 9 L9496 ,9505 2.779514 9 .9899 L9900 3,312943 0
500 500 .B99B 9001 2.%47324 5 ,9498 ,9500 2.B424%6 9 ,9900 92900 3.,407770
.6 =.1 (see 6 = Odor smaller values of M)

2% 25 .8931 .91B1 2.357018 9467 9564 2,611160 9 9899 9902 3.111263
25 24 ,9000 ,9027 2.338098 9481 ,P505 2.576B14 9 9896 .9902 3.072826
25 23 .8980 .9004 2,301713 .9487 ,9501 2.588380 8 .9899 .9704 3.10B6%0
25 22 .89BS .9020 2.271233 ,9493 ,9518 2,558434 B .9899 ,9905 3.09529%
25 21 .8931 .9002 2,311036 9499 ,9513 2,600714 8 ,9B%94 .9903 3.065762
25 20 .8994 9023 2,267224 9445 ,9507 2.575181 B .9894 .9900 3.085772
30 30 .8937 .90BB 2,335493 9497 ,9517 2.587739 9 .9900 .9908 3.151436

8

8

K4

9

8

+PBP6 L9906 3.1B4468
+P899 2903 X,18B24B7
«PB99 L9901 3,187220
9898 .2900 3,184%32
<9896 .$903 3,183287
L9896 92903 3.184000
92898 9902 3.187069
2897 .9903 3.200002
L7899 L9902 3.215837
28926 2900 3,185898
7898 .9901 3.21057

JPRPP L9900 3,172098

[V R IRV RV, IRV R, SV RPN RET. TRF, TR BRI BN B¢ BT IR IR B e e BRI R o B o B B v s e B B

TP DD TOINTDTDIDOTIDINNTIDSTNDNTOENDIITNND

YLCLVULLCILLTCOCILV UL

30 29 .8988 .9044 2,333530 7493 ,9538 2.628599 9896 .9900 3.130745
30 28 .B99%5 .9006 2.350345 .9486 9509 2.652711 ,9900 .9918 3.153225
30 27 .8999 .9025 2.346262 +94BB ,9504 2.610010 +9899 .9903 3,123157
30 26 .9000 .9041 2,34864B7 B .9497 9509 2,62B958 9897 L9903 3,1500541
30 25 .8988 ,9009 2.302945 B .94B7 .9526 2.5B5340 9896 ,9904 3.127591
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45 41 (B9 9015 2.440681 & L9493 ,9L00 2.895061
45 40 LBYBY 9064 2.4694Y70 R L9495 LYS01 2.914282
50 50 LBY7B 9007 U.T006ES B (9498 L9547 2.948834
5049 LQYER 9041 2,716Y69 B 9496 L9503 2,935/04
50 4R .BY94 9004 D,4694438 R L9499 9505 2,934915
50 47 (B996 L9007 2.4BES70 B .94YB L9505 2.944334
50046 LBYYL Y001 2,6B7647 B .9496 9503 2.930365
50 4% JBYRD L9003 2.6RAB1T7 B .9497 L9503F 2.929361
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6 = .01 (see @ = O for smaller values of M)
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6 = .05 (gee 8 = O for smaller values of M)

100 100 .B?y6 9012 2,/79509 8 9497 2501 3.00BB45 5 9899 ,9900 I,50218Y 5
500 S00 .9000 .9003 2.842442 5 ,92500 9500 2.097087 5 9900 .9900 3.413597 5
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2.887846
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2215710
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2.8%94420
2.910078
2.880481
2.89732%
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2.8926827
2:.514944
2.9205985
2.934078
2.9218653
2. EP7344
SeWTITRA

3.,013064

Db AETIN
2eD61 730

1oAY TR

Ve LOARG

SELPIA
ATt

DL EVAHIVS
20XAEADE
ERRNE N IR 2

PRI A B B BGES BORE R N RGN BRG]

]

9893
9900
+ 2900
. 2898
2896
L2899
+7895
19899
. 92899
.97898
2898
7899
L2897
2899
L2899
L P00
+P897
LR
L9899
L PR00
. 92898
L9899
.oR98
cOR98
EERX 1Y)
Y900

values

ARy
AT
. Y840
L 7eg
LSTYER
LPR79
L8667
L5812
yORRg
CPBL
fHREO
PRH0
P8B40
LHATEA

LBRO9

19901
.9904
«9904
.9903
29200
P90
L9909
+92901
9901
<9901
9902
L2900
9902
99204
99200
V907
9900
L2902
19903
29202
9901
L7902
9900
L2501

Y

LYR0U

of M)

LBQ /5
B AR
PO
AN
WP9H0

2o €]

1
A4S
YOS
A
WFvao
L2940
A
T

AR

-5/ E-9
)z,

<29

3.380897
3.,357211
3,351746
3.360707
3.3638B69
3.352087
3,38061S
V376522
393201

358491

V377369
X,374004
3,383359
3.392438%5
3.409946
3.393189
3,390004
3.37%118
3,429970
2.418822
3.407367
2.,410753
3,40R854
1,408347

vedo oy g
. 546824

-

SHRT TR AN

A, 00URAETY

\

DL GO AR

SaB0E a3

ALl de

YT EIEp)

S, bat e

.00 08
Ve a0s4

0174000

3
AL,0d0 G4m0
DLaRPLacy

P.HLAL

ERURUELRUNURGRT RGN LR R

A




= 0.25 (continued) VMN7(M+N)NM "
2

M N P(i,g) P(z.g) zg D P(z.95
10 10 BARO 9126 2.343035 B .9476
L0 9 L8944 .P1&1 2.,471263 B .9426
10 B (BYRR L9296 2,35338Y Y L9296
10 YOLRB3RS L2131 2,265026 5 .244%
10 6 .874% ,9078 2,367453 & 9336
10 5 BS&1L 9394 2,236064 6 9394
10 4 83741 .9061 2.366431 7 %061
10 T LB60L L9300 2.133068 % .2301
10 2 LBLB? (90%1 2.,19088% 6 2091
15 15 .B97% 9284 2.,477166 % 9472
5ol4 JBPIZ L9003 2,410500 8 9489
15 15 BR729 9150 2,406542 8 ,9467
15 12 8982 .921B%H 2.464749Y 7 ,945%
15 11 .B866 F003 2,327574 8 ,94%7
15 10 .8923 21460 2.,485337 7 ,9378
20 20 JBHBAZ Q017 2,362085 8 ,7428
20 19 8975 .Y034 2,401996 8 ,94B3
2018 L BYP4 QLS5 D,307591 B8 9467
20 17 JBY4A8 2008 2.429%541 8 .?437
20 16 JRPRLI ,9077 2.371702 3 .9491
20 15 ,BYBl .9155 2.49461646 B .9458
28 25 LB996 9114 2,425349 3 9472
35 LBPR1 L9021 2.442400 B .9494
25 LBR70 ,9018 2.424B00 £ ,v473
) JBPR2 L9026 2.446069 B 9450
e CBP0L L9056 2,.374012 8 L9490
25 LB971 2068 2.44940B3 3 9469
30 B3 L2003 2.38BY747 B 9427
3¢ 2 JRPZL LP007 2.422489 8 .9483
Io 2 JRAR90 L9041 2.428550 B ,9485
30 2 LBPO6T L9026 2.473087 R OLP4BS
3G 2 L8954 L9034 2.3984621 B L94R
30 25 L.B990 L9027 2.4454555 B8 9493
Ah 85,8941 LP061 2.41895R8 B 9481
3% A4 LRP53 L9037 2,4458%4 3 ,948%
A5 33 .,.8998 L9024 2,434595 £ ,9492
A5 32 L8903 L9027 2.429492 1 .9480
I X1 .89vL 90246 2.441569 B .948%
35 30 JBP9S L9022 2.473611 B .9483
40 40 92000 ,9038 2,a79115 B ,.947Y
40 39 .BYRB4A ,9019 ',440243 B ,94Y4
A0 2B L,B9%2 ,9058 2.460918B B 92489
40 37 .8YB6 L9015 2.441905 3 ,R496
a0 36 .B798B 2012 2.,484957 B8 .9491
40 % ,BP9L ,9014 2.438204 1 9493
45 4% ,89%4 ,9038 2.442091 8 .94%96
4% 44 8993 ,9010 2.4414846 B 92494
4% 43 ,B98% .?008 2.458419 B ,9499
4% 42 ,8%992 ,200%9 2.457682 B .9494
44 4] ,BY41 L9008 2.421829 B8 ,9472
45 40 ,B9B3 .9001 2.462645 8 ,9490
50 50 .8981 9012 2,4722%4 3 .9481
L0 49 ,B879%0 ,9041 2.486332 8 9500
50 48 .B993 ,9008 2.4359141 B .P496
S50 47 .8974 ,92000 2.477804 8 .9492
4O 46 .H8YYB ,9018 2.,45586% 8 .9498
50 4° ,R9B2 .9010 2.449909 @ 9500
106G 160 L89%Y ,92011 2.4830059 % ,9486
S00 %500 L8999 9000 2.527724 %5 ,9500

)

P(z
L9554
L9562
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2.736085
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1,244117
3.203240
J.279558
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e =0/.01L/ .05 VMN/(M+N)W;,N 10 - 40

MNPz ) P(Eg) zg DRz g Plagg) oz g0 DRz ge) Bz gg) zgy D

+
= 0.
See wM,N for 6

+ = .01 (for smaller values of M see ¢ = 0)

160100 . 8996 9001 2.519758 & ,9490 9503 2,789055 9 .9899 9900 3.311330 5
HO0 B0V 9000 L O00D DL AAI9BD S L9405 L9501 2,924526 S L9900 L9900 3.463i05 5

.

€ = .05 (for smaller values of M see A = ()

. Lo 10 JBS0S +801la L.251796 % 9406 9672 2,344035 8 9802 29102 V73R 06 4
Lo @ LBBAY LI07 2,132999 9 9345 L9517 2,209804 9 L2165 9912 2.B09RCEL 7
1O B .B/76 9071 2,02R367 % (9351 9529 2.347866 P 9849 9905 1.810900 7
L0 7, 3837 9107 D,099487 5 9488 ,P642 2.265026 5 JORIB L9913 . AH1569 B
1O 6 JRPL7 L9105 2,065590 6 9374 9580 2,367453% 5 JCRAR .OP0L 2 V730514 9
10 S .BR4) L9TB1 2,064304 6 .w2BL L9697 2,236064 o JHTRT 9920 2.711086 Y
L0 a4 L8701 L9061 1.740214 B 9371 2530 2.3664%1 7 JPRI0 99050 .730 b
10 3 LRS6A L9301 L0434 N L9301 L7650 2.137066 9 LwHeO 1 LS ?

10 D (BARS L9091 1,.B3ZGDA 7 0001 9545 2.19088% 4 . 9%40 1 DoABRAIBO L
POOLE B0 901y DLLEBRYY 6 W D463 L99YD Z.477168 B LVEB4 L9913 .vRL4ALE £
Pro 4 Lbwhd L9050 DL 3R 62 @ ,9a98 (92504 2,419674 6 .9ROL ,9918 2,.936014 B
it LS8 B89 LY01Y DL2445246 7 L9401 L9520 2,406536 B Y895 ,99046 2,012080 8
L5 12,8900 .20ay D, 173700 B 9413 L9515 2,464746 B PB71 .9905 2.921498 8
) Lo bl o H967 . on5a 2132815 7 ,vafa (9580 2,391650 R LSHYE 9917 2,935793 8
In O LBA3T ,v0) DL0Aa173AR B WY4h] L95B0 2.485334 S L9BYD L9916 2.909568 ¢
SO0 G ROEE 9024 G PEARYE)L 7 L YARR L9535 2,540560 8 L9895 .9914 3,038211 9
SOOIV L EY T L QulE 2L 065U ) L9483 L9516 2,491804 B L9694 9901 3.048044 8
SO L LBYEY L P000 2600 0Y 7 J9ALD L UELT 2L,S30088 B LYB97 L9909 3,016519 9

2O L/ WRBRAT L CORE D LA R «9A3% G004 2,467 000 B 9900 L9910 3,014%24 R
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ToawaY7 LRREL 2L.561970 B L989Y L,9906 T.072560 W
2049271 Y000 20563548 B L9699 L9907 3.101819 9

B ,94/0 L9528 2,.532009 B L9893 ,990% T,0R5049 A3
794082 L9504 2,5B671R 8 JPB9S L9902 X.061097 9@
ShHODG LRPBY 20l H.84H6 JR505 2,53FP52 8 (VECH L9905 1,0463947 8

A A0 By L0 oviee B 9433 9048 2,.5BI9PRY 9 9898 ,9904 3, 108290 @

SOV CRUZD ey L yRONT B 944% L9501 2,540984 B L9RY9 L9903 3.08H230 8

SUOEHDGRERDY P00 DL 059844 RO, 949TY w11 2L 573535 0 L,9900 9904 3,124374 %

AU DY HYEA L R0A DL DTSEIR B L.9457 L9500 2,9472%6 8 L9897 L9903 3.079510 9

2006 LBYT7 L0109 DL31AYS0 7 L 94ABS L9504 2,561227 9 L9BYR L9903 X,073541 @

0T LR9TE S SO0 PLPASOSE B L P50 L PN DL 54754B 19097 L9903 X, 08981D 0

$hO35 JBP4E POAR L EP0AYA 0 L 9ARA L PEDT D, 6P15ER B L 9BYB L9904 F.1540R% 9

35034 LR994 9000 L AXA302 B L9486 L9500 DL.SE3HIA 9 JPH9B L9902 3.12138Y 9

A A8 LRYPY L901S 2,305%86 B L9451 L9911 2,639673 B L9H9E 9903 B, 107301 9

A ZD L HOWR L9016 0, E3RVO0 R L0497 L9917 2.59491% 9 ,9P00 9904 3,09B438 ©

35 31 L8964 9004 2.319410 7 L2491 L9508 2.5R1090 8 .9900 9905 3.156600 9

35 A0 BRI 9010 2,32104% B L9447 L9504 2,S9I002 R ,9RB7 9909 3.110074 9

4C A0 LBY 77 90010 DLRA40TS 1 940 (9514 2,6530296 § JVBP3 L9903 I.150901

) A0 39 BYYR L P00 2.360094 B L9500 L9515 2.636443 098 L9901 3,147721 9

0

40 3B LBEOD Y003 DLIGIORT B 0490 9512 D,623473 9 LPHY7 L9900 3.160393 9
40 A7 LHYT7 L9005 V. A6RA4R B, 9494 L9806 D, 635704 9 (9RPC 9902 3.,131933 ¢
4G 36 WBYYT7 LP0PY DL344043 B L9400 95XD D 4634218 B JYR9B L9904 A,16145%5 ¢
A0 3L L BPBIL L9002 D XplUYA R L pIva L0502 2,603862 9 J9R98 ,9903 &, (24280 9
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0 = 05/ .1 ~ny/(M+Nf1ﬂ;,N 45 - 500 / 5- 10

- b P(z 2 D
MNPz g) P(2 g) zg P P(z g5) P(2 g5) 2 g5 D Pz gg) Plz gg) 2 g9

6 = .05 (continued)
4% 4% L,8vyBY ,9003 2,3%96%40 B P4B? 9505 2.H658B350
45 44 8990 L9006 2.37%9511 8 92490 (?504 2.657534
4% 43 .899% 9009 2,377790 B .949% 9514 2,448713

8 .9898 .9901 3,165403 ¢
9 9900 9902 3,169887 ¢
9 9899 9900 3,198630 ¢
a5 42 9000 9051 2.38193% B .9497 .9502 2.643488 % .9898 .9901 3.170070 9
45 41 .B99% 9006 2.363058 B .94BO 9513 2.634932 9 L9899 9901 3,183469 9
S 40 LB899¢4 L9013 2.377835 8 L9497 L9507 2.66144B 9 9900 99046 3.1705649 9
S0 50 JRY7Y L9014 2,395955 B L9494 9512 2.666658 % L9896 9901 3,191678 9
S0 49 JBYBY 9002 2.3463B61 B L9498 .9510 2,653292 © ,9856 .9901 3,174482 9
S0 48 L8973 (9033 2,392378 B L9496 L9510 2.644348 9 .9BPB Y902 3,197502 ©
SO L BYPA L9004 2,374360 B G482 9504 2,658960 9 L9899 9902 3.177045 9
S0 46 LBYBS (9007 2.375526 8 ,9469 9501 2,635617 ¢ L9898 .9900 3.160954 9
Suo4%5 BP0 L9000 2.37305%0 8 9498 9506 2,640609 9 L9899 9900 3.179711 9
LOD 100 8999 ,9010 2.476525 9 ,9497 .9500 2.736B57 9 9900 .99G1 3,280574 ©
U 500 LP000 L, YH00 2,546704 5 L9500 L9501 2,83B951 P .9900 9900 3.403127 -

@ =.1 (see 6 = O for smaller values of M)

"
3

S5 B BT 9167 1.B97363 5 JPL67 9762 2.070193 9 9762 1 2.681984
7% .BB1O 9603 1.B97366 5 .BBLO 9403 1.897366 5 2603 1 2.399993% R
S 3 .B214 .92BbH 1.,697055 7 .92B6 1 2.190886 5 .9286 1 2.190886 4
Y2 .B571 1 1,9232183 8 .8571 1 1.932183 8 .8571 1 1,932183% 2
6 & JBBYS P437 1.999996 5 L9437 P697 2.309397 9 P49 L9924 2,4494B0 ©
6 5 WBALX L9113 1.B54047 6 JP113 .9545 2.100528 § .9870 1 2.763846 9
6 4 ,8024 9286 1.BA4SL7 7 L92Bb6 L9762 2.108181 46 9702 1 2.581984 G
6 3 .BBLO L9524 1.B97361 % ,BBlO .9524 1,897361 ¥ 9524 1 2371701 7 !
6 2 .B929 1 2.108181 5 8929 1 2.108181 5 .892% 1 2.108181 Y4 f
7 7 «R584 ,9079 1.934012 6 .R079 9569 2.160243 6 9B9S 9977 2.788861 4
7 6 LBAELE L9021 1,.935261 7 .9371 L9662 2.225394 6 ,9837 9959 2,638991 O
7 0% L8330 .9040 1.756613 9 .P41% 9735 2.276409 7 9735 L9924 2.474358 &
7 4 .8939 .9545 2,0134658 9 ,893% .P545 2.013458B 9 ,9848 1 2.746424 6
73 JBXZ3 L9167 1,4690308 6 9167 L9667 2.070193 5 9667 1 2.535457 8
7 02 /8333 9167 1.792828 8 ,92167 1 2.2677B6 6 2167 1 2.26778H 6
B B8 L8877 ,P406 2.065590 7 ,9406 .9623 2,309397 6 .9B41 .9928 2,696795 4
B 7 .B834 .9145 1,901588 8 .9409 9596 2.324172 7 .987Y .9944 2.835%574 &
8 6 .8721 ,9038 2.049383 B .9371 .9620 2.16023% 8 ,9/87 .92907 2.650356

B 5 .8982 9371 1.935261 % .9371 .9604 2,253461 8 ,9837 .9953 2.638Y87 7
8 4 ,8BB? .9212 2,070193 § .9212 .2697 2,165058 5 ,9899 1 2.898269 7
B 3 .8788 .9394 1.854042 7 ,7394 .9758 2,224B58B & 9758 1 2.686768 G
B2 .B667 9333 1.9364B2 9 9333 1 2,415227 7 9333 1 20415227 7
9 9 .B691 .P218 1.7999%4 8 .9427 .9514 2,357021 7 .985% .9944 2.846040 4
? B .BB?3 (9134 2.15628% B 7492 9650 2,2465026 B ,PB4A3 9912 2.691467 &
9 7 .8B920 9240 2.036694 % ,9458 9607 2.378350 B8 ,985B 9926 2.73251v 7
7 4 .B6B9 49121 1.906921 5 9121 ,95B0 2.2360464 9 .9860 9944 2.7971%54 7
? % LB996 ,9271 2.078493 5 9271 .P570 2,093198 S5 .9895 .9970 2.78B8BBL4 R
9 4 .8741 ,9175 1.9002846 7 .9399 ?790 2.303545 6 .9790 9930 2.5962%3 .
9 3 .B273 .9091 1.924499 8 .2091 ,9545 1.,999996 8 ,9818 1 2.828422 &
? 2 .BY09? .9455 2,068277 5 .9455 1 2.583138 9 .9455 1 2.553138 ¢
10 10 .8503 ,9016 1.951796 9 9406 .P472 2,344035 8 .P802 .9912 2.738606 6
10 9 .8B869 ,9107 2.,132999 9 ,9365 .9?517 2,205804 9 ,9B65 9912 2.809329 7
10 B .8776 9071 2.028367 5 93591 9529 2,347866 9 9849 .9905 2.810920 7
10 7 .8837 ,9107 2.099487 5 .9488 .9642 2.26%5026 5§ 9838 .9913 2.671569 8
10 6 .B917 9105 2.,065590 6 .9374 .9580 2.367453 5 ,9843 .9905 2.732514 ¢
10 5 .8841 ,92B1 2.064304 6 .92B1 ,9697 2.236064 6 ?7%7 9930 2.711088B 5
10 4 ,B701 .9061 1.9402146 B .9371 .9530 2.366431 7 P850 9950 2.,732%19 6
10 3 .8566 9301 2.043142 5 ,9301 .9650 2.133068 9 .9840 1 2.962258 6
10 2 .,B48% ,9091 1.,B33026 7 .9091 .954% 2.,19088% 6 9545 1 2.683280 Y
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| g = .1 (continued) YMN/(M+N) wM,N 15 - 500

33
15 1% .B9L7 9064 2,158327 6 ,9464 P5059 2,4494B5 B 9895 9931 2.981417 8
15 14 +896B %047 2,107457 8 9479 ,9548B 2,4194674 7 J9HB2 9903 2.B861979 8
19 13,8944 92017 2,092005)1 7 .94B4 9551 2.306549 8 .78B8B7 9908 2.B80877 7
19 12 L8935 7031 ?.0784 B 7 94746 9619 2,464746 7 .9887 ,9912 2.8%57883 9
1% 11 .B200 9078 2.13064B 7 92460 ,$528 2.342727 8 ,9894 ,9915 2.911020 8
15 10 87646 9122 2.041241 B 9383 9504 2,294150 /7 .9886 ,9924 2,891756 7
20 20 .898B3 9044 2.216363 7 2432 9023 2,478744 8 9877 ,9901 2.939383 3
- 20 1% L.BYAL JP0RL 2.18P138 7 %476 .9J04 2,471597 8B .9898 .9904 3.045050 8
2018 ,8972 2001 2,0 1189 B3 .92484 9522 2.473685 B 9896 .9906 3.016349 8
20 17 .B8YSH R01%Y 2. ’U 753 B 92468 o9J39 2.467197 8 ,9889 ,2905 2.,945480 8
0 16 .8994 (2040 2, ’lé?b” 7 .944% L9533 2,3929995 8 .9891 9902 2.986033 8
2uc kD L 855Y L9001 2.091649 B L5438 90_ 2.456161 7 9897 ,9908 2.9B1145 8
. D20 JBYBE L2027 2.264553 7 9491 J9502 2.545580 B L7898 99206 3,0/2548 9
Do 249 L B955 (P012 D.0S6420 R OL9490 L9517 Seﬂ.ubl’ 8 JOR9L L9P07 3 029oOo Q
+BFOA LPOI0 2.248475 7 92486 L9507 2.504%469 8 76896 92910 2.999823 8
SBRPAR LFoRT PL.01B961 7 ,94B3 9503 2.4759?9 B8 ,92890 (9901 3.041746 8 |
LBY6T P00 2VIBIAAB B8 L2496 L9LLE 2.48603%23 8 98P0 L9903 2.988611 0
SBEPR L Q00 LN FI TG4 7 L9496 (REDY 20487461 B L2900 L9911 X 041801 8
BOE7 L0211 20330404 9479 2.581983 9 9898 L9901 X, 0“938i k4 :
SBORD 202 2,27795%5 6 JY4R| 2e5409R4 B .98Y9 L9903 3.072931 7 }
CRP14LFORD 200842 8 L9404 eDALNAL 8,983 L9902 3101778 R
SBYRE L FGAT 50%1Y 8 ,9483 JeS15931 RO, 08YN L9901 3,071769 8
SRYYED LY0R0 43121 B ,9492 2,.5401L61 B L2888 92900 3.044689¢ 9
. LBY Y JEO T 260NDD T L9500 2.947523 3 ,9897 L9907 1,06%300 9
At AN LBPBL JRurl 2, SAYEYEY B vaAhd L R5L6 P T61TR2 B L9897 L9900 F.L10e7R 7
Ao L BYLLE L 00T DLUUBBRSL B L9249 L9510 2.5634600 8 L9898 92901 A.107540 9
3054 L8994 ,90l0 D2, NE0B3 B L9492 L9503 2.0300L71 R L9898 L9905 A,125203 8
33 30 .8996 Q007 2,0944490 B L2491 (9501 2,562941 8 .9898 (9906 3.08307Y @
A5 31 LBYRE LS00R 2.1 YT 3 . 94B3 L9503 2,.5446338 B (629 9906 T,.071009 9
A0 LBYVEA YOLDT DL2BL70s 7 L9494 L9506 2.58090Y 8 LPB99 ,990% 3,100878 9
A0 40 LBP2% L0060 DLIOVARE B8 9491 L9516 2,5B19R1 R QRS L9901 A,135714 9 |
4 AY LBYPY L9002 2,30L0%5 B 2497 ,9004 2.594047 B .Yu98 9901 3,170332 9 #
o 3B L8991 . R006 D.302047 B L2484 L9512 2.5B8710 B L9800 9903 X.1onBe2 @
s A AV LBYRY L9001 L3215 7 ,9495 (9502 2.6024660 8 JFBYY L9700 A.105713 9

40 A6 W BPBZ L0000 Z.TIQN09 7 ,9495 ,9504 2.574150 B8 JPHYY ,9902 3.143799 %
Al 35 LBYRO L90N9 2, X14A550 B 9500 ,9936 2,599129 8 9899 9901 3,10%164 9
4L 5 Y00 LYoz 2,.325646 B L 94B9 L9507 2.95B8727 6 .98YR LOY0H AJlell76 9
A% 44 L.B898% LP00hH D 30LBY4 R L PA94 L9500 2.604466 b LPBYE (9900 F.12BEY4 Y
45 A8 W BYYR Lyl 3 D 39338 Y ,9487 ,9507 P.611434 8B L9R9Y L9V0L (313408 9
4L 40 JB9YH L 0GL3 D.312020 8 L9492 L9503 2.598805 8 9898 L9900 3.14.068 W
a4t 41 LBRY7 VLo 2, 3360E7 B L9495 L9502 2,5B143% 9 L9RPB (9903 3.130746 ¥
4 40 (BYBRY Lyu03 DL305000 B L,98%1 L9525 2,603961 B L9899 9901 R,124396 9
OO LBy LPerh D 441460 B L94N4 L, YH04 2.462598L6 B L9RPT1 L9900 3.144B48 9
DoAY GBSV LVOED Caadhihe2 RO ,9487 L9508 2.634603 B 9899 L9904 3.149229 9
T 48 L8997 L9006 DoAedda ROL,94Y 7 L9504 2.624764 9 L9899 ,9901 3.17426Y 9

?

9

. o

DO A4Y LBYYE LY008 i,7ﬁ<$ﬂﬂ B 94w/ L9503 2,623077 9 .9900 9901 3.160010

Y0 46 LBYHY L9001 2,321 7640 B O,9498 L9903 2,A35509 B L9BY6 9900 3,13937

L0 4L LB9BY (Y026 4A? OHH L9480 L9514 2,607890 9 .9BOY 001 3,161185 ¥
LGU 100 2000 .C003 2.404070 % L2478 9501 L AP3607 9 . ¥P00 9901 F,1LA70L9 0
DO GO0 RuDN L YA0T 2L 84019 o L9500 Y500 DL, 743750 9 Q900 L9000 3, i06R0T 9

Lo




0 = .25 YﬁﬂM\‘Nﬁ;,N 2-10
M N P(_g.g) P(z.g) zg D P(_Z_‘95) P(z-95) 2 gs D P(__z_.99) P(z.99) Z g9 D
2 2 .8B333 1 1.,999992 7 ,B333 1 1.999992 7 .8333 1 1.999992 7
3 3 .8000 1 1.7322044 6 .8000 1 1.732044 6 .B000 1 1.732044 &
3 2 .7000 1 1.490709 9 .7000 1 1.490709 9 .7000 1 1.490709 @
4 4 .7857 9286 1.632990 9 .928B4 1 2.1920887 6 .9286 1 2.190887 o
4 3 .BBS7 1 1.984305% 8 .8857 1 1.98430% 8 .8857 1 1.984205 &
4 D .8000 1 1.,732044 6 8000 1 1.732044 6 .8000 1 1.732044 4
i S 5 8571 9167 1.897363 § .9167 92762 2.070193 9 .9762 1 2.58194 7
A 5 4 .BB10 .2603 1.B97366 5 ,BB10 .2603 1.897366 5 92603 1 2.3999¢3 3
3 5 3 JB214 .9286 1.49705%% 7 ,9286 1 2,190886 5 .928B6 1 2.190886 %
5 2 8571 .9990 1.932183 B .8571 1 1.932183 8 .8571 1 1.,930183 O
6 & JBRPA P43V 1,999904 5 ,9437 ,9697 2.,309397 9 Y697 9924 2.44%430 @
A 6 N 8463 ,9113 1.,B%4047 6 9113 ,9545 2.,100528 5 .v870 1 2,76384a0 9
LS 4 8524 .92R6 1,B44657 7 92B6 9762 2.1081i81 6 9762 1 2501954 5
6 3 .8810 .92524 1,.897361 9 .B810 .,92524 1.897361 ¢ .9524 1 2.371701 /7
6 2 JRe2Y 1 2,108181 5 .8929 1 2.,108181 5 .B8929 1 2.108181 «
7 7 8794 ,9324 1.954012 6 9324 ,9650 2.1460243 46 9895 1 2.788861 @
7 6 ,B409 .92021 1,B2834%5 7/ ,9021 .9510 1.974442 7 .¥837 1 2.638%99) &
7 5 JRE3G L9293 1.7%4613 9 9293 9735 2.07018%9 7 .973%5 1 20474300 A
74 LR939 ,954% 1,895211 P LBP39 .954% 1.895H211 % 9545 1 LL2BYABRS B
7 3 .B333 .9167 1.690308 6 92167 1 2,070193 4% .?P167 1 D070 19s L
7 2 .8333 1 1.7928308 8 .8333 1 1.792838 8 .8333 1 1792838 &
B B L8938 ,92242 1,999092 7 ,9242 ,9503 2.065590 7 9872 9985 2.69679% &
B 7 B965 ,9313 1.9201588 8 .9X13 .?2596 2.1BAAHE 7 .PB14 .9944 DT.56173) 6
B 6 89S ,2021 1.,714925% & ,9371 9720 2,160239 8 9720 ,9907 2.414522» 7
) B 5 \BPRD .95965 1.935261 5 .B98B2 2565 1.,935261 O 9837 1 2.638987 7
B 4 ,8%B6 .9293 1,732044 6 9293 92697 2.070193 4 96497 1 ?.,449480 9
8 3 .8788 ,9394 1.854042 7 ,9394 1 2.2248%8 6 .9394 1 2.224858 &
8 2 .B667 1 1.9346482 ¢ 8667 1 1.926482 9 8667 1 1.936482 ¢
? 9 ,8121 ,9077 1.897361 9 9319 .9535 2.267783 /7 .P899 .9955 2,8446044 A
9 B .B766 .92066 1.8%4160 9 .9319 9?2550 2.176080 8 .9843 .9932 2.6%91467 A
? 7 L8684 .2014 1.96H8252 9 ,9344 ,958B9 2.095237 9 ,9895 ,99469 2.73251v
2 6 LBRO? .92371 1,%06921 5 9371 9580 2.,236064 9 9832 .9944 2,581984 8
M 9 5 .8996 9271 2,078B4693 5 .92271 .9720 2.093198 H .9895 1 2.788864 1t
9 4 BI22 ,9021 1.R05277 7 .9021 9510 1.900286 7 .92790 1 2996293
% 3 ,BA0%? 90?1 1,4690305 5 .92091 .9545 1.999996 8 9545 1 2:.366426
72 L8709 1 2.068277 5 8909 1 2,068277 5 .890% 1 2.068277 4
10 10 .88B87 ,92115 1,951796 9 ,2319 ,.9595 2.247325 8 .9874 ,9928 2.73R600 6
10 % ,B798 .9010 2,057129 9 ,9437 ,9597 2,205804 9 .9893 .9942 2.80932% 7
10 # .8897 9201 2,028367 & ,9409 .9569 2.333446 9 .9PB3B .9905 2.68328B0 7
10 7 8707 ,9107 1.913509 6 ,9377 9571 2.22 5 .9838 .9938 2.67156v 8
10 6 B60OS 9073 1.8B66660 6 9292 2580 2.088931 6 .VBPS 9965 2.732514 ©
10 5 89211 ,9281 1,936484 7 ,92R1 .9814 2,236064 6 .9814 ,9930 2.561732 %
10 4 ,8701 .2301 1.940216 8 .9301 .2650 2.,049389 B 9850 1 2.732G19 4
10 3 8776 .9301 1,828347 5 .9301 .9650 2.133068 9 .92650 1 2.497991 8
10 2 .848%5 ,9091 1,833026 7 .92091 1 2.190889 6 92091 1 2.1920889 6
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o = -25 (continued) qu/(Mm)?J;,N 15 - 500

M N P(Z,g) P(z_9) zg D P(E-95) P(z.95) Zgs D P(3_99) P(z'99) 2g9 D
15 15 .BBYY ,9104 2,148342 6 .9474 9540 2,323785 8 .9874 ,9904 2.788863 8
15 14 .8974 ,9232 2,0B1021 7 2409 ,9251% 2,3744630 7 9865 .9901 2.79%5149 8
15 13 .8B843 ,92130 2,011077 7 9416 .9558 2,296B13 7 9896 9924 2.844091 7
512 JB98B3 9146 2.07B457 7 9341 .9508 2.21563%9 8 .9889 9921 2,762508 7
1% 11 8882 ,901%5 1.98B4786 7 9429 ,9546 2,327569 7 .9880 ,9928 2,778701 8
15 10 8970 92194 2,04123%7 7 9472 9566 2.2BB019 7 9892 992X 2.7962%4 8
20 20 JB936 LP0H3 2.0B0623 7 ,9452 (9561 2,39045%1 7 .9884 9903 2.912B72 8
20 19 L8913 ,9035 2.0B7496 7 9479 9506 2,3993%1 7 .9881 .P907 2.,846872 8
20 1B LBYES L9027 2,064013 7 9447 9501 2,299764 7 J?8B8Y ,?908 2.910970 7
2017 LB94R LP0LH 2111073 7 9497 PE56 2.429547 7 L9893 9906 2.897456 3
20 16 8996 LP068 2,103502 7 9476 JP520 2,371703 B .9888 ,.9908 2.868540 8
20 1% JBB13 978 2,0P1644 7 JWA27 L9524 2.3304546 B .9BB6 L9915 2,B40%562 8
28 2% JBPBL L9022 2,0B9784 7 L9495 9521 2,425355 7 J9B9YV L9906 2.946277 8
SEOR4 BORE (P08 2.14446% 7 LP48BY L,9542 2.,444417 8 9891 ,9903 3,001710 8
25 23 L8967 L0LY 2.09948B0 B LP4RBT LPE25 2,45205% 7 (9B9% 9904 2.948499 8
D0 2D JR9E7 LYDRT 2,1409%19 7 ,9441 L9503 2,446064 8 9900 9910 2.915005 9
25 .00 B9SY R0 X DL,070035 Y .947% L2050 2,407483 7 L9892 .92901 2,921956% B
D20 L RYRS L9200 20131319 7 04849 L9056 2.4494B4 7 9892 9902 2.939728 8
X JRYZA w2004/ B LRART (9505 2.435992 8 L9895 .9906 3,038212
LBOZ2 LRO00 PLIFA020 B L2469 L9507 2,479770 8 L9896 9901 2.994507 R

+B9BE LP012 PL125330 #9458 LP501 2,427483 7886 92900 D.943007 8

JB710 2004 2,130333 7 .94BX 9505 2.473093 L2892 L9900 3.025780 8B
G JBYSY L P02T 2.095519 8] L,92480 (9513 2.39861E LIBYB 9906 2.9BT170 B
30 25 .B993 L9022 2.134530 8 9473 9508 2.487947 P8P8 L, PP14 2,994354 B

35 5% WBYLT7 L2012 2.151483 B .9¥490 JP50%P 2,418v63
InOXA . BYRA Y045 DL0FVZAD B 9486 LRS00 2.439760
39 33 JRY7E LFO0GR 2,15347% B (9449 LPS50B 2,428471
39 X2 JBYBRR L9013 2.0972R8 £ 9491 .P508 2.4331.18
25 X1 L8978 L9001 201786106 B ,P48B6 9506 2,419558
13
3]

2874 9902 2.98B069 8
L2828 L9902 X.018044 B
JOB99 L,9903 X.026474 8
L9394 ,9900 2,030095 B
L9899 ,9904 X,00X704 8
L2894 9904 2.992335 8
9896 9901 3.000366 B
«7897 9901 3.044957 8
L7898 92901 3,034829 8
72898 9903 3,044672 8
L2896 L9901 2.986234 8
L9827 L9900 F.039490 8
L9898 9901 X.043797 8

3% A0 LBRYRY LP0XT D,09N04T «Fa91L L9506 2.41B671
40 a0 L8974 Q035 2,121453 8 L9500 L9521 2.,479114
N 40 & ,89%8 L9017 2.14B612 B ,948B% L9003 2,440239
40 3B .BYYB 901 .. E B 2496 9518 2.475986
40 A7 . RB9P4 ,9012 2 8 .9488 9501 2,422312
A0 36 LBORS LWO1D2 D 8 9495 .9L0B 2.448950
40 W L B9YE L2007 : B P42 90504 2.424494
Al Al GBYPE LQ0VY G 1H16G1 B 92497 L9510 2.432755

ONNDNTNNDTN O NYD N NN

A% a4 LROYY L0321 DL.15RB3IEA B 9494 L950B 2,472516 8 9899 9901 3.073079 R
A 4% LB9RL L0002 DL 1435Y) B L9483 L9508 2.455378 8B L9900 .PP0X J.027972 8
AT Al (899G LUC23 2.1eq723 8 92486 L9015 2,470125 8 (7BPB JPP01L Z.064728 8
4% gl LBOYE LSOl oIse0NYS 8 L9495 L9504 2,459195 7 ,P899 L,PP03 I.021103 8
4% 40 BP0 L9006 . IXBERY2L B .P497 L9507 P 4624650 7 0898 .92901 3.052442 8
30 L0 JBYBY L0484 DUIEBZIT7OH R OLP494 (P006 2.477698 B L9898 L9905 5,078342 R
D0 4% L8Y%0 9006 2.146054 B (P476 (P502 2.4B04A02 7 . 9BP9 9901 3.079273 B
SO 48 (BB L9000 O X008 .9489 9500 2,4499R4 7 L,9B9B .2901 3.062879 B
S04/ LBPRY ¢032 0.14BUGRI B L9480 9503 2.467554 B 92900 ,9902 3,058764 8
GOaA LREYO L P0002 D.175885 B L,92473 L9503 2.438462 B L7899 (9901 3,059021 @
HOO4% L E997 L9011 2.142384 B ,9494 L9002 2.491106 7 J9BY? 9901 3.078716 8
LOG 100 .BY26 9001 2. 160046 5 9495 L9501 2,4B3003 R .P8%7 .9901L 3.103203 8

S00 K00 L R0D0 L9001 L, 1906 A& L9500 500 D2.H02723 8 900 9900 3,137082 8
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M

L0

O

10
10
10
10

10

1%

“0

s =0/ .01/ .05 vﬁﬂmmﬁM N 10 - 45
)
v . e P ) z
NPz g) P(zg)  zg  DP(zgg) Plzgs) Zg5 DP(zg) Plzgg) 29y D
See wM,N for 6 = 0.
6 m .01 (see 6 = 0O for smaller values of M) L
100 .BYB4 9010 2.7BY056 8 9495 9502 3,011705 5 L9899 9900 3.4962%8B U
OO LRYYE LRO0T D 956527 %5 9495 L9507% 3.17B20B 5 Jv900 (9900 3.662334 5
6 = .05 (see 0 = O for smaller values of M)

10 .8813 9343 2,344035 8 ,92343 .93522 2,581984 7 ,98B93% .9961 1.146266 6
? LBT31 ,92034 2,205804 @ ,9376 .9584 2.556737 7 .98B4 .993Y 3,002794 &
B .B8701 .9058 2,347866 % 9358 .9569 2.439517 8 ,.9899 .9950 3.027148 /
7 .8BR74 9284 20;6J0”6 S L9459 9675 2.60B3B6 8 ,9B24 Y905 2,.886168 8
6 +B749 9161 2.367453 B 9423 (9685 11.472279 S5 .9810 9930 2,933331 8
S5 8L61 9374 2.236064 6 2394 ,9594 2.561732 5 ,9860 .¢9640 2.9"769' K4
4 LB741 ,9001 2.346431 7 2061 2700 2.43207% & 9700 9900 é
3,860 L2301 2.13306R 9 9301 9720 2,4%7991 & 9720 1 YL EH2TB 6
2 JBLIB2 .90%91 2,17088% 6 .?091 1 2.683280 5 L2091 1 2 683J8“ 3

15 JB92L L9191 2,477166 5 9373 L9504 2.652067 9 .98B61 .9914 3.098386 ¢

14 .BRL7 .9007 2.419673 7 92406 9505 2.657223 9 ,9900 .?791é 3.1925054 9

12 LBH2A 9041 2,40453Y B 9467 92942 2,65H4931 9 .9B66 .YV02 3,100610 ¢

12 .88 9031 2,464743 ¥ 9455 9530 2,59B074 5 9878 9904 3,065335 9

11 JB96R 9141 2,39164% 7 2497 9565 2.68857] ? 9859 2901 3,109498 ¢

10 .BY23 ,9160 2,4B5337 7 ,7440 .9502 453875 9 92900 (VW26 3.1051467 8

20 .BYBY JPO70 2,042563 7 9474 9553 ho760° 9 9 JPB72 9903 3.186959 O

19 8967 ,9033 2.491825 7 9449 9016 2.749011 9 .9B99 .9909 X,219319 5

18 8901 L,9021 2.,532286 7 %491 9532 2,757078 ¢ .9899 .9909 X,253447 5

17 +BRGR ,P007 2,467197 B 9475 9512 2,74536B ¥ 9889 ,9202 3,180658 5

16 +BRIT L9016 2,44R279 B 9462 9505 2,.4B3274 9 .9891 9904 3.174892 9

15 +B930 9003 2,4B427% 7 ,2493 ,9610 2,7B8B62 ¢ 9899 .9909 3,231544 Y

2% .8874 +9015 2.576729 8 92432 ,9503 2.828423 5 ,PB99? ,9915 3.311327 9

24 .8P55 9062 2.561%975 B8 2487 J953B 2. 799997 § ,9B96 .9901 10383810 5

23,8982 .9040 2.563553 8 9472 ,9504 2.749647 5 9893 .9906 3.250980 9
2 .8942 ,9057 2.532098 B .?484 9507 2.787050 % ,9898 .9904 3 323183 5

21 .8Y65 L9009 586718 B 92479 9507 2,790B75 5 .9892 .9901 3.253275 &

20 ,8B%72 9011 ,05339 8 .248% ,9532 2.7B9%34 % .?900 .9914 3.287308 5

20 .8B6B 9096 _.dﬁl?ﬁ. B .2482 ,9545 2.820314 5 .9898 9909 3.28633L U

29 8892 .9002 ~ou40930 8 24946 9512 2.78B6832 9 .9897 .9902 3.288B573 0

28 .B89%6 .P023 2.5735 B .9479 .9501 2,777412 5 .9B99 .9904 3.278530 5

27 LBR16 9002 2 u477 B .92498 ,9535 2.813450 9 .9896 .9901 X.301188 %

26 .8971 ,9013 2-561233 R 9446 ,9517 2.784569 & .9B92 9900 3.248184 5

24 JBYH7 L2000 2.542741 8 9500 .9540 2,793098 9 .9897 ,990%5 3.316624 5

35 LBORE .P04B 2.621583 B8 9469 JP505 2.846371 5 9899 9905 3.359000 %

34 ,B97X ,9001 2.58B3537 8 .9478 ,9514 2,829075 5 .9B98B .9903 3.328848 S

33 .898B4 7023 2.639676 8 ,9496 9507 2.8B67230 5 .P095 9901 3.324781 %

32 .BYYS L9034 2.594921 8 ,9496 9518 2.837435 5 ,9898 .9904 3.305329 5

31 .8983 ,9017 2.5B10B6 B ,9492 9012 2.828540 5 ,9897 ,9903 3.309401 0

36 .8935 ,9008 2.593088 8 ,9498 9511 2.832462 5 .9897 .9901 3.322165 5

40 .BYYR ,902B 2,653298 B8 .947% ,9503 2.8899B3 5 .98%97 .9901 3.355147 O

3% .B9B7 .9001 2,629184 8 ,9488 ,9500 2.869374 5 .9896 .9901 3.341112 5

3B ,BY8B6 .9026 2.623474 B ,92495 ,9504 2,872474 5 .9897 .9902 3.350037 5

37 8989 .9014 2,635697 B .94B9 ,9520 2.8734666 5 .9896 .9903 3.3358B59 O

36 .8985 ,9000 2.610223 B8 .2499 .9512 2.855678 5 9896 .9900 3.337409 U

35 .898BB .9004 2,4603861 8 9499 ,950B 2.8723346 & .9899 .9902 3.339556 5

45 .B980 .P011 2.658352 8 .9489 ,9527 2.908374 5 .9900 .9904 3.380613 5.

44 ,8981 ,9010 2,657536 8 .94%92 ,9502 2.888121 5 ,989%9 .?902 3.3684066 B

43 .8987 .9000 2,644794 8 ,9494 ,9506 2,871076 5 .9898 .?901 3,405520 5

42 8996 ,9005 2.6463692 8 2494 ,9500 2.879847 § .9899 .9901 3,.3599B4 3

41 .B963 ,9027 2,634930 B .9493 .9502 2,891464 5 .989% .99200 3.366925 O

40 .BY?5 ,9015 2.661453 B ,9494 ,9502 2.8944621 5 ,9899 ,9902 3.370232 5°

k3




M S

50
50
50
50
50
50
LG
SO0

e inLn

=3

N WUTDOD2TOLELIN Y NNNSN DD O

< e wo <

o ¢

6 =Q05/ .1

N P(_z_‘9) p(;_9)

50 8991 9023
49 .8%98 .9021
48 .B?%8 .9021
a7 B966 9010
46 .B%41 .%004
45 .89%8 .9014
100 .B9%97 ,2003
00 ,9000 L9000
H.B3I3F LPLD
4 L7619 9206

A L8571 1
2 o.7143 1

6 +BB74 934
S 8225 2091
4 3571 ,9524
3 7619 ,9048
2W7BL7 1

7 WB15Y ,91138
6 B741 9324
D838 ,9470
4 L7879 9091
3 JB3X3 L9333
2 WRB333 1

8 JBBIL? ,92464
7 .BB19 ,9192
6 .B741 9245
G 8741 16
4 .B424 ,93v4
3 .878R L9515
2 «B667 1

7 8854 9027
8 .BY%B4 ,9301
7 .8B916 9213
6 B242 ,9161
Bo.B8541 ,9141
4 B797 .#5B0
3 .B1B2 ,90%w%
2 .8%0% 1

v/ (+N) ﬁM,N

z

-9

0 =

2.666661

2.653292
2.644345
2,658%60
2.635620
2,640611
2.73685%
2.8368107

0 =

2.0670193
1.897366
2.192088¢6
Le®32183
2.309397
2.100528
2.108181
1897261
2.108181
2,16043
2, 225394
2.27640°
2.013658
2,070193
24267786
2.309397
2.324172
2,160239
2.253461
2,165058
2,224858
2,415227
2.,357021
2.265026
2.378350
2,236064
2,093198
2.303545
1,999994
2.553138

50 -50 [/ 5-09

D P(z,_%) P(z_%) zZg5 D P(g_99) P(z.99) Zg D
.05 {(continued)

8 .9489 .9508B 2.876826 5 .9897 .9902 3.379627 G
8 .949% ,9503 2.914943 & ,9900 9901 3.377394 5
8 .9484 .951% 2.891825 % .9899 .9901 3.385744
8 9495 L9507 2.873315 5 .9899 .9901 3.366967 5
8 .9495 .9503 2,.88415% 5 9900 .9901 3,340853 5
B8 .9497 .9514 2.897347 5 .9900 .9901 3,375884 5
B 9497 .9501 2.9B1947 5 P99 9900 3.472314 5
85,9499 L9500 3.098615 5§ 9900 9900 3.410451 5
.1 (see 6 =0 for smaller values of M)

? +B333 9524 2,070193 9 9524 1 2.5981944 7
YoL.9206 1 2.3929993 8 9206 1 2,399993 g
5 8571 1 2.120R84 5 8571 1 2.190886 G
8 714% 1 1.932183 3 ,7143% 1 1.932183 B
? 9394 ,9848 2.,449480 9 .?848 1 2.927695 7
S5 9091 .9740 2.2886B4 9 ,92740 1 2.763348 9
b6 8571 L9524 2,108181 6 9524 1 2.501984 5
? .92043 1 D.371701 7 L9048 1 DeINNT0L S
S 7857 1 2.,10B181 9 J7BHT 1 D2,10RL8L "
6 L21IR . 9EBA 2,366431 5 L9790 L9953 2.788841 9
b JW324 9674 7,48B9542 B D474 9918 2.638991 3
7 92470 .9B4B 2,474358 4 9048 1 2.92/695 5
? 9091 2.28848B5 8 9697 1 2.746424 4
Y 9333 1 S3H457 B8 9333 1 2.953%457 8
6 JBXT4 1 24267786 A JB333 1 2.267786 6
6 «R246 9681 2,51974%8 4 JYBYH L9930 1,999995 &
7 W2193 L9518 2.351452 6 L9888 ,9975 1,958048 4
8 9241 2574 2.415222 7 .v814 ,9Y8Hh 2.B06237 b
B 9207 9674 2,433745 H Q9474 9907 2.63IR987 7
S 9394 .9798 2,449480 9 ,9?98 1 2.898269 7
& «B7BB 9515 2,224858 6 9515 1 D.HBO76B 5
7 8667 1 DALGH227 7 JRE67 L 2.415227 7
7 «R027 9531 2.417466 7 9887 .9951 2.999994 %
8 9301 9531 2,509241 7 9825 L9917 2.8709%7 &
8 92497 ,9717 2.519761 7 9851 .9937 2,.984124 6
P P161 (9520 2.324167 ¥ .9888 .,9972 2,958034 7
S 492441 ,9790 2.577578 ¥ 9790 .9940 2.7BRB&4 8
b6 8797 9580 2,303545 6 98460 1 3.040460 ¢
B 9091 9636 2,366426 7 9636 1 2.808422 6
g 89209 1 2.55%3138 9 8909 1 2.9553138 ¢

Lb

Xr A 1o WP




™~
‘ 6 = .1 (contimed) YMN/(M+N) Wy y 10 - 40

M N P(zg) P(z o) zg D P(z g¢) P(z gs) 2z g5 D P(z gg) P(Zgg) 2z2g9 D

]
i 10 10 .8B13 9343 2,344035 B 9343 9522 2.5819B4 7 L VBYS (9961 3.186266 &
: 10 9 L8731 (9034 2,205804 9 9376 9584 2,556737 7 9884 9939 3,002796 o
: 10 B JB701 ,9058 2.347Beé ¥ 935B L9569 2.439517 B Y699 9950 3.027148 7
E 10 7 6976 J92B4 2,265006 G L9459 L9675 2.60B386 8 9826 9905 2.8B6168 i
E 10 6 JB74% 9161 2.367453 5 .9423 J94BS 2,472279 5§ J9BL0 L99IC 2,933341 o
10 5 .BS561 .9394 2.236064 6 9394 9594 2.561732 5 L9B6O 9960 2,92769% 9
10 4 JB741 ,9061 2.366431 7 9061 9700 2,43207% & 9700 1 2,732519 o
{ 10 3 ,BAGL .9301 7.133066 9 9301 .9720 2.497991 8 9720 1 4 T ‘
; 10 2 LB1B2 .9091 »,190889 6 9091 1 2,6B32B0 b L9091 1 2, 683280 % '
k 15 15 LBY30 L2119 2,449489 5 9424 9592 2,652069 9 9898 ,9920 3,0983/8 9 i
] 15 14 JH9PER L9090 2,41967% 7 9440 .9540 2.657224 9 9897 9923 3,174198 © )
f LS L3 L uué? JOol02 2,306544 8 9477 L9535 2,.652520 8 L9BBS L9911 3,0663%50 5 j
' 15 12 (BYS2 (9237 2,46474B 7 9449 L9507 2,497636 5 9895 ,9922 3,065332 o :
15 11 (8920 Y057 2,342722 7 9435 L9529 2,46503B0 B L9869 L9909 3,075460 ¢ :
1S5 10 .B767 9008 2.2v4152 B L9441 .9566 2.545867 8 0894 L9920 3.061R58 9 :
20 20 JBREH LP04T 2,47R742 7 .9404 9502 2.656844 % 9893 9907 3,186955 © i
20 19 LBYSZ ,9009 2,471597 7 LF471 9501 2.728069 9 9893 .9914 3,1714i6 :
20 18 LBYAT LP046 2,4936B1 7 9444 9521 2.714713 9 L9R96 .9V05 3.248920 7 '
20017 JBYIR L9078 2,467200 B L9434 L9502 2,708933 ¢ 9897 9u10 3,179445 ©
POOLb LBROD LP067 2,399990 B L945R L9541 2.667558 9 LYE9Y .99 X,174890 &
20 15 JBBTE JP047 D2.4%616E B LY4465 L9505 2,732840 9 9899 L9015 3,1N5240 5
25 25 LBYRD L9005 2.545583 7 9456 L9526 2.777459 5 L9BRS L9902 3,204940 %
25 D4 LB9GY L0036 U.S0G614 7 L9490 L9526 2,763904 9 L9897 ,9908 3,253304 5
IH 23 LBSV4 9016 DLH04570 B L9490 9548 2,745811 9 .9900 9908 3.21343R &
2502 66T 9007 2.475997 B 9477 9500 2.7508469 9 .9L9B L9908 3.170087 5
DE L1 GBIV L9037 D,466327 7 L9490 9524 D.475115 9 (9898 .9906 3.244110 %
26 20 LBYRE Y119 2.4B7467 B JPAPS L9526 2,757707 9 9896 9905 3,20304F %
30 30 .BYs8O L9120 2.581987 B L9494 ,9532 2.BL7IR0 5 L9895 L9901 I,279%64 4
30 19 JB964 ,P0Y4 2,54097R B L94BO L,95EI 2,770H41 5 L9R96 L9901 X, 2627BS ©
30 28 .BY9A LS01D 2,.545237 8 ,9497 L9509 2,.777407 & 9894 9907 . 262735 5
30 27 .RY67 L9002 P.SLEYI0 B L9495 L9511 2.792786 9 .9BYB .9904 3,293592 %
S0 76 JR9RA LP013 2.S4R1S57 B (9473 9564 2.784%69 5 .9B98 ,9906 I.74B1R4 5
30 25 LBY7L Y000 2.533617 B L949B L9521 2.7B0729 9 9895 9901 3,226618 %
35 X5 JB93L L9033 2,561736 B L9491 9521 2.799167 5 ,9895 L9903 3,.308106 5 ‘
N 35 34 LBORY L9022 1.563504 B .9498 L9510 2,808865 5 L9897 .9901 2,294606 % |
3% 33,9985 ,9007 2.530567 B 9493 9511 2.B19228 ¢ ,9898 9901 3.297518 %
35 3¢ JBYE4 L9004 2,562937 B ($4R7 L9512 2,808550 5 ,9897 .9901 3.288755 O
35 11,8966 L9007 2.546330 B L9495 L9509 2,793386 9 9895 L9901 3,249343 %
35 40 JBYPO L9012 2.550915 7 .9452 9502 2,796340 9 9898 .9902 3,305529 &
40 40 .BYBZ ,9033 2,5B1983 B 9497 .9517 2.B64459 9 9894 9901 3.341867
40 39 LBPP5 ,9009 2,594046 8 .D49Y 9505 2.844281 5 .9R9B 9901 3.326B82
., 40 38 L,B9V(C L9025 2.5BB70R 8 ,9495 .95(R 2,837070 5 9897 .9902 3,301735 S
. 40 37 LB991 ,9004 2,40267% B 9495 9510 2.842478 5 9898 ,9905 3,323741 5
! A0 36 LRYP2 L9010 2.574154 B 9492 9507 2.826069 5 .9BY9 9903 3.332631 &
| 40 3% LE9RY? L9001 2,59B192 B .9493 L9511 2,834733 5 9898 ,9902 3.314846 3
i
]

b5




9 =0.1/ .25 YMN7(M+N)$J'M,N 45 =500 / 2 -9

MONP(z o) PG o) zg  DPlzgl) Plags) zgs DRzg) Plzgy) oz D
6 w .l (continued)
4% 45 .B979 9016 2,.588728 8 .9495 .?517 2,8603B3 5 .9899 .9904 3.354102 5
45 44 ,B9BY .9007 2,.606463 B ,9493 .9504 2.B6%5445 5 ,9895 .9901 3.318955 5
4% 43 ,8977 9016 2.611430 8 .9497 .9506 2.852728B 5 ,9899 .9902 3.326269 3
45 42 ,B986 2007 2,598801 B .9481 9511 2,B67537 5 .98B9%9 9902 3.351490 5
4% 4] LBP93 .9006 2.581444 8 ,9494 9502 2,8B29B32 5 .9898 .9903 3.318489 G
45 40 .BYBI 9052 2.603958 8 .949B 9506 2.85703%9 5 .98%98 .9901 3.331101 O
50 %0 JHY90 Y010 2.625B%4 8 ,9495 L2511 2.B8B1951 5 9896 9900 3.377599 S
50 49 ,BP77 L9014 2.6344608B 8 ,7498 .?506 2.BBS5253 5 ,9895 ,9900 3.340310 5
S50 4B .B995 L9009 2.624761 B ,9498 .9508 2.867625 5 9900 .9903 3.376226 %
G0 47 L8997 JP009 2,623080 8 9478 ,950B 2.B628%56 5 9900 .9902 3.357593 §
S0 46 LBYRR LP00B 2.635529 8 .9492 .9505 2,861924 5 9895 .9901 3.340571 5
50 45 LBP63 ,9030 2.607892 B 9493 .9300 2.B861921 § ,9897 .9%01 3.355481 O
TeC 10D LBYIE L9004 2,693605 8 L9500 L9512 2.964997 § L9900 ,9901 3.459950 &
HOH LU0 L P000 L R000 D.742B3L 5 L9500 L9500 3,012909 5 9900 (9900 3,545579 5
6 = ,25
N Y <X A 1.90eR92 7 ,6667 1 1.999992 7 6667 1 1.999992 7
3 3 L6000 1 1,732044 & ,6000 1 1.732044 ¢ 46000 1 1.732044 &
30 .ann0 ] 1,490709 9 L4000 1 1.49070% 9 ,4000 1 1.490709 9
4 4 .Hauv71 1L 2.,1908BB7 6 BS571 1 2.1908B7 & .BH71 1 D.190887 6
4 T .7714 L . 984305 8 7714 1 1.984305 6 7714 1 1.,984305 @
40 JA00 L 1, 7320494 6 6000 1 1.732044 6 6000 1 1.73:044 &
Yot L H333 L9574 2,070193 9 LB333 L9524 2,070193 9 L9504 1 20581984 7
5 4 7619 9006 1.B973646 5§ ,9206 1 CAPE9RX B8 L9206 1 2,399993 B
5 3 .8571 1 2.1908846 5 .8571 1 2.190886 5 .B573 1 2.190886 9
oo L 7140 | .932183 R ,7143 1 L.232218% 8 7143 1 1.232183 8
6 A JBR7A L93INA L309397 ¢ L0394 ,9348 2.449480 9 .PR48 1 2.927695 7
b LB2IS LP0%L 2,100528 % L9091 (9740 2.2886B4 5 .9740 1 2.7638483 9
n 4 BRI L9524 DLL0BIBL 6 L8971 JFH24 2.108181 6 J9E24 1 ?.081984 5
< 6 3 L7619 L9GAR 1.8973461 9 9048 1 2.371701 7 .9048B 1 2371701 7
6 2 .Tus7 1 2.108181 & 7857 1 2.,108181 &% ,78%57 1 2.108181 5
7 7 JROAR LP301 2.160243F 6 ,9F01 L9790 2.366431 5 9790 1 2.788861 9
7oh LB0AY L9021 1.974462 7 ,P021 9674 2.225394 6 9674 1 2.638991 G
Y% JRYBéE L9470 T.0701B9 7 ,9470 1 2,4743%8 6 .9470 1 2.,4743%8 &
Y4 L,7879 ,9091 1.B9S711 ¢ ,9091 1 2.28868% B 9091 1 2.288635 8
73,8333 1 2,070193 5 ,B333 1 2.070193 5 8333 1 2.070195 &
72 Lh66T ] 1.792838 8 6667 1 1.792838 8 6667 1 1.792838 8
BB LRAB6 L9008 .065590 7 .94464 9744 2.519758 & 9744 L9930 1. 696795 4
R7 WB628 v1LR2 2.1B4A653F 7 919D L9427 2,351452 4 .96888 1 2.9%B8028 5
B 6 8741 .9441 2,160739 8 ,9441 .9814 2.415222 7 ,9814 1 D2.BOG23Y 6
B % 7964 Y130 |.9352461 5 ,Y130 .9674 2.,253461 8 9674 1 2638987 7
B 4 ,B5RE ,9394 2,070tw3 4 ,93%4 1 2.4494B0 9 ,9394 1 2,449480 9
Rz ,8788 1 24224858 6 8788 1 2,224858 6 .8788 1 2,2248598 6
g8 - .,7333 1 1.7346482 ¢ ,733% 1 1.936482 9 ,7333 1 1.936482 ¢
9 9 8640 9070 2.26/78B3 7 ,93L7 L9613 .A17466 7 9798 9910 2.846046 6
9 R LB63IB 9099 2.1760R0 8 .944%5 9687 2,509241 7 ,9864 9963 2.870957 6
9 7 LBAHY 9178 D2,0997°37 9 ,9497 9790 2,%519761 7 9790 9937 2.732519 7
9 b LHB781 9141 2,036064 V0 ,9)A) .96A4 2,3241467 9 .98BBB 1 2.9%8034 7
9 5 .BH41 9441 2,097 9B & %441 %790 2,415220 9 ,9790 1 2.7688864 ©
‘e 9 4 ,B042 .P021 .Y00284 7 907 FEBO DL,225390 6 .9580 1 2.,594293 5
Y 3 JAIB2 Q091 1.P000%4 £ Q0Gvl 1 2.366426 7 9091 1 SeAbbATG 7
k4 L7818 1 CLusRITT N (7R R ] 2.06B277 5 .7B1IB 1 1L06B277 5
L6
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0 = 0.25 (contimied) Yﬁ; (M+N) LR
>

M NP(zg) P(5.9)

50
50
S50
30
50
100
500

10

NS ITND O

1
14
13
12
i1
10
20
19
18
17
16
15
2%
24

23

n

¥
S

21

20

30

29
28
27
26
25
35
34
i3
32
31
30
40
k14
ag
57
36
k)
45
44
43
4
41
40
50
49
48
47
46
45

100

500

+B638
8875
8818
. 8754
+BGBS
. 85{)[
+B601
Bo0i
2182
8749
8821
+B8B34
+BoHBO
«BESO
«B?4%
+BPOR
X:Aavis
- 8895
NAAR)
<BS54
.BBSY
2 8991
L8981
BR76
L BY24
JEP4Y
<BP69
LBYTS
SRPG
JBOLY
ROLT
SBO72
+BP4R
LBP81
JBY7X
JBO3Y
Y B4
+BO72
+B98Z
«BP62
SBY3O
SHPY2
.BY78
899X
~B9B4
.B994
B2
JB966
B972
B8990
+BYPS
«BY?4
8953
8978
8971
8947
+8989
+BYRO

Y000

R191
9193
9138

9142 2,

19161
VP27
+ 9301
+ 9301
1

«9082
» 9038
+P116
~9016
2093
P13
F122
<9013
+P003
« 9112
2041
19049
- 2043
+2086
+9051
2008
9101
P12
2011
9016
» 9004
92010
027
+2017
.?2018
9001
.2018
19017
9014
92014
.2001
9008
L2036
+9002
+?016
«9010
5021
9016
2012
+9031
+7009
19016
+?013
9005
9002
+9006
+9007
+2006
9002

+ 2001

Zg

20247325
2,205804
2.3334464
226730
2,0BB931
2,236064
2.,049389%
2+.133068
2.,1920B89
2.3237R6
2:374627
2,2946810
2.215639
23275973
2.28601L%
2.370453
2399386
D209 463
2.429542
2.371707
24330453
2.42535%
2.444417
2+45205%5
2,445045
2,407484

2.449485 7

2.,435991

2.879766
2.427485
2.47308%
2.398616
2.482944
2.418%61

2.4399%56
2,428476
24433121

2.,419553
2+418B675
2.466618
2.440241

2.475984
2,422312
2.448749
2.424494
2.452761

2.472518
2455377
2.470127
2.459192
2.462650
2.477696
2.480403
2.449985
2.467553
2.438465
2.491113
2,483005

2,522724

D P(g_gs) 9(2'95)

8
9
9
S
b
6
B8
k4
6
6
7
7
3
7
7

O I NNNNNNNDINTT D

NPT NIV TTCITILICOTISDONTUHNDT N

«P434
7420
+9445
2488
+P423
+Bh61
2301
+?301
. 8182
9398
2459
9443
7442
2498
+?487
«2404
+24%8
2477
9427
3 948()
2482
9487
+?2486
P462
+P456
7474
+ 2490
+ 2480
9481
9471
+2471
.948B7
+9487
9497
+P2495
7493
P47%
9494
+?493
248y
+94R3
19495
9490
2495
+?2498
7491
19499
'P4964
+P4%4
+?490
9490
+9496
2499
9495
+9480
+ 7495

+9500

9617 2,5B198B4 7 .9BUb
12631 2.518472 7 .988B4
7675 2.439517 8 J980Y
P60 2.547718 9 (9877
9790 2,472279 5 9790
19627 2.236064 6 .9B60O
+2700 2.366431 7 9700
1 2.497991 8 .9301
1 2.19088%9 6 .B182
L2507 2,.556032 9 .7889
JPE53 2.035284 9 .9B93
L9520 2.572%81 8 .9894
P610 2.497632 B8 9842
95682 2.,450070 % .9898
WP626 2,.545869 B 9846
WP533 2.651966 9 .9882
«9817 2.595445 9 ,9882
» 92556 2.599142 8 .9883
fPH27 2.614971 9 L9893
P12 2.624997 9 .9882
L9588 2,561737 % .9884
2526 2.4649064 9 9896
L9511 2.718331 9 .9890
«P515 2.6B6057 9 .9B9P2
JPN01 2.669660 9 .9894
+P533 2.633505 9 7684
+P514 2.6057%6 9 JP8%6
+?510 2.73B607 9 .9895
2501 2,7415%94 9 9900
92514 2.694307 9 9884
+2507 2,703231 9 9900
+9500 2.647935 9 .9893
+?504 2.708011 9 .9898
9504 2.700998 9 9899
2518 2.7130850 9 .9896
9517 2.66%043 ¢ 9895
+P514 2.664516 9 .98%7
9515 2.68B8038 9 .9B99
2505 2.700287 9 .9897
«9524 2,72758% 9 9894
2509 2,733963 9 .98%97
WP503 2.723065 9 9895
L7502 2.714061 9 9899
9510 2.736411 9 .9899
9532 2,704213 9 .9895
9515 2.,751529 9 .9899
9522 2.710952 9 .9897
9502 2.744602 % .9899
9511 2.716575 9 .9897
9507 2.741890 9 .9897
«P515 2.716326 9 .9897
L9502 2.735764 9 .9895
.?502 2.755113 9 .9896
«9507 2,746549 9 .9897
9510 2.757227 9 .9900
2505 2.744795 9 .9894
+9510 2,735209 9 .9897
«2502 2.775122 9 9899
+9500 2,802B61 % 9900

Zgs D Pz gg) P(z o)

9927
JROED
RAFN
+9903
L9R3R0

10 - 500

299
2.927695
3.00279¢4
2.846045
2.886168
DL 782514
24927695
2.732519
2,497991
2,19088v
3.021657
2.992506
3.0663%1
2,928254
2,935794

2 3,092127

3.019933
3.121657
3060679
3,014382

' 3.149702

3.112130
3.169415
3.129R822
3.,065758
3.134101
3.214797
3.213316
3.153223
3.187358

0 30185199

2.155836
3,213693
2.235110
3.174093
3,221699
3.206271
3.182737
3,21287%
3,273558
2.241824
J.260409
3.219251
3,192578
3255902
3.,279751
3.231605
3.262286
3.238484
3.259598
3.270847
3.268895
3.260541
3.304179
3.255123
3.264504
3.313039

J.365530
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Appendix.

The purpose of this appendix is to summarize the algebraic results
which we used in the preceding chapters. All proofs are straightforward
verifications of the definitions. Hence, we give only some hints and
leave the details to the reader. A more general approach including
Eulerian polynomials can be found in [11l]. The "Finite Operator Calculus"
of G.-C. Rota, D. Kahaner and A. Odlyzko [14] is the fundament of the

whole theory.

Let P be the algebra of polynomials over a field K with
characrteristic zero. In our rank test applications K always equals
Z , for the order tests choose K = R. We will deal with linear
operators P -+ P only., and omit the word "linear" in the sequel. For

all a < K the shift operator is denoted by E®: p(x) » p(x+a). An

operator @ on P is a delta operator, if

Q is shift invariant: QEa' = EaQ Va € K, and

@x 4is a nen-zero constant.
The derivative operator D is a delta operator if K= R, and the following

properties show how Q generalizes D:

(A.1) Qa = O for every constant a [14,p.687]

(A.2) deg (Qp) = deg(p)-1 for each p € P with deg(p) > 1 [14,p.687]) .

Hence, the kernel of Q consists only of the constant polynomials.

A sequence of polynomials (sn)n ¢ W is a Sheffer sequence for Q, if

o]
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(A.3) s

0 is a non~zero constant

(A.L4) Q,sn =8,y forall n>1.

We make the convention s = 0 if n < 0. For instance, (xn/n!) is

a Sheffer sequence for D.

. Lemma A.1: If (sn) is a Sheffer sequence for Q then deg(sn) = n.

Lemma A.2: If (sn) and (tn) are both Sheffer sequences for @

with the property
s, (v) =t (v,)
for a given sequence (vn) in K, then the two sequences are equal.

N Proof: Induction over n. Use ker(Q) = constant functions -

(sn) has roots in v: W, +K, say, if sn(vn) =80,n
for all n € 1vo . 'The Sheffer sequence for Q with roots in 0 is

called the basic sequence for Q and always denoted by (qn). Obviously,

(A.5) (x"/nt) is the basic sequence for D .

. It i8 easy to verify that
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- (A.6) ((’H::'l))m_:N is the basic sequence for V = I-E™ .
1 0

More examples can be found in [1l],
Immediately from the shift-invariance follows: If (sn) is a
Sheffer sequence for Q with roots in v, then (Ea'sn) is a Sheffer

sequence for Q with roots in v-a.

Deeper than all the other results in this appendix is the following

Lemma A.3: If v(n) = an+tb (a,beK), then

L]
—~
L
~r
.
]

(x-an-b ) (x-b )"lqn (x-b)

defines the Sheffer secuence for Q with roots in v,
(For n = 0 we have to define 0. 1.)

0
Proof: See [lk, p. 702]

Now we come to a representation theorem for Sheffer sequences with

roots in

(i) W<i<L
v(i) .=
ci+d Vi > 1L,

vhere L € lvo; c,deK and o: ]NO - R arbitrary.

Theorem A.l: If (sn) is the Sheffer sequence for Q with roots in

v &as above, then

L
(A.7) sn(x) = 1{=:0 8y (Ci+d)(x-cn-d)(x-ci-d)'lqn_i(x-ci-d) Yo e I, .
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Proof: Check recurrence and side conditions, using lemma A.3

Corollary A.1l: (Binomial Theorem). If (sn) is the Sheffer- and

(qn) the basic sequence for Q, then

n
sp(x9) = L sy 0y () Ve X

Proof: Choose ¢ =0, d =y and L =ow in (A.7).
Avoiding alternating summation in (A.7), it may be sometimes preferable

to use the "outside method" (a term, introduced by J.L. Hodges (1957)):

n
-1
fv) — _ s e s
(A.8) sn\x) = rn(x) Y ri(cl+d)(x en-d) (x-ci-d) a4 (x-ci-d)
i=T+1
vhere (rn) is the Sheffer sequence for Q with roots in ¢ (follows
by summation over all i = 0,...,n in (A.7)).
Repeated use of (A.7) ylelds a representation of the Sheffer

sedquence (sn) for Q with roots in the piecewlise affine function

1) := 1ia,+tb. VL, <1
v(i) anJ

S AL B

vhere -1 = L0 < Ll < ... , each L, integer, and a.j,bj € K for all

3
J € IN,. Then for all I‘J <n5I‘,j+1
Ig. Ll
(a.9) s (x) = s kl};‘,o Py (x)pg_y (vy (k) eepy (v () 5

51




if

q (x-v, (k,)) ,
x-v (k; ) kg 171

vhere ko :t= 0 and k.j 4 =B Because of its importance we explicitly

write down the special case of (A.9) where

ia+b V'i =O,oos,L

vii) =
ic+d ¥i>1.
Then
. y L i(c-a)+d-b (ci+d-b) x-cn-d (x-ic-d)
(8.200 s (x) = ¥ oy YU x-ci-d Jn-1 .

For n < L, the r.a.s. equals (x-a.n-b)(x—b)-lqn(x-b) by lemma A.3.

Now we assume that K is completely ordered. Let pu: I‘IO <K

be a non decreasing function and (tn,i)n,i ¢ I, be a double sequence

in P with the properties

(A1) tp s ay) =ty 5, () Y <1 <r(n) = min(n e Nplu@m)=uln)l,

tn,i=o ¥i>r().

Define an associated sequence (fn) to (tn i) by
2

(A.12) fn(x) = tn’i(x) Vp,i-l <x< My (u‘l = -o0) .

We call (fn) a u-Sheffer sequence, if (tmkl,r(m))ne No 1s a Sheffer
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sequence for all m efmo - From corollary A.l we get a first represen=

tation of fn(x):

I
(a.13) £, (x) = k);i 000 ) 1f xyely ,m ] .

If (fn) has roots in v, i.e.

(A.14) £(v) =5 ¥n e N,

O,n

then any value fn(z) can be computed from (A.13) by stepping through all
the intervals [u uj 1] until 2z is enclosed. We give only a brief
3T+

description of this trivial algorithm:

Algorithm A.1. Assume fr(j)(uj),...,fi(uj) are already computed such

that j < n and vi+l > uj

a) 1If Vi < Hi41 then define x := Vige Yocs My
i+l),...,fi(\) ) from (A.13). Of course,

and compute fr(j)(v 141

fi+1(vi+l) = 0. Therefore, the i-index increased by one, and it increases
again if Viso lies also in the same interval (define x = vi+2 and
y = v1+1). Finally a k 1is reached such that u(j) < Vi <uj+1 < Vs

(the case v is left to the reader). Then choose

k- P
x := ”j+1 s Y 3= Vi, and compute fr(j) (uj+ ’...’fk(uj+1)
from (A.13). Now we are in the same situation as in the beginning.

> - -
b) If Via uj+1 > uj then define x : uj+1, y : uj, and
compute fr(j)(uj41""’fk(uj+l) from (A.13). Again, we are
in the same situation as in the beginning.

¢y 1f uJ = uj+1 increase j by one.

In special cases this algorithm can be simplified.
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A one dimensional recursion can be obtained from

Theorem A.2: Let (fn) be a -Sheffer sequence for Q (with basic

sequence (qn))‘ 1f (fn) is associated to (tn :L) then

n
(A.15) tn,i(x) = kzi fk(uk)qn_k(x-uk) for all ne NO and {=0,...,n .

Proof: Verify side conditions (A.11).

See 6, theorem 4.1] for a general version of this theorem. The

announced one dimensional recursion follows, when we write (A.15) as

= ' -
(A.16) fn(x) = I fk(uk)qn_k(x uk) for all n € INO .
where the summation runs over all k such that W, > x. Thus, a system
of equations for the unknown fk(uk) is obtained, if only one value
Y 3 L)
fn(\)n; with v < woois known for each n. By Cramer's rule, fn(un)

can be expressed as a determinant:

Corollary A.2: If (fn) is & u-Sheffer- and (qn) the basic sequence
for Q, then

fn(un) = det (@, .)

i,d 1,J=l’ooo,n+l 4 Where

qi_.j«vi_l"uj_l)-) ¥i=121,...,n

(=
sJ fi-l(vi'l) if § =non,

for v < M.
any <u If, in addition, (fn) has roots in v, then

(A.17) fn(l-ln) = (‘1)n det(q1+l-J((vi-“.‘]-l)-))iyd‘lo"‘)n °
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